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Abstract
Strain localization into shear bands is commonly observed in natural soil masses, as
well as in human-built embankments, footings, retaining walls and other geotechnical
structures. Although the onset of strain localization can be derived from standard
bifurcation analyses, few numerical simulations of the complete process of strain lo-
calization in granular materials have been previously reported. Predictions for the
onset and process of shear band formation are critically dependent upon the con-
stitutive equations employed. In this thesis, a new physically based constitutive
model is formulated for describing the plastic flow of cohesionless granular mate-
rials. This constitutive model has been implemented in the finite element package
ABAQUS/explicit(1999) and is used to predict the strain localization in geomaterials.
The numerical calculations are shown to be in good quantitative agreement with the
recent corresponding experiments of Han and Drescher(1993) and Alsiny et al. (1992)
on the localization in dry Ottawa sand under low pressure conditions. The physical
description for the plastic flow enables the model to reproduce the macroscopic stress-
strain response and the complete strain localization process. The complex evolution
of the strain localization from "Riedel shear" to "boundary shear" in the shearing
experiment of a simulated gouge layer (Marone et al., 1990,1999) has been captured
in our simulations. This physically based constitutive model is also able to predict
the startling "stress dip" in a static sandpile - the vertical stress is not maximum
under the apex of the pile, but shows a local dip there.
Next, we shall focus on metal powders, which are commonly used in powder
metallurgy industry to form net- or near-net-shaped components with high relative
density by cold compaction. A new constitutive model for cold compaction of metal
powders has been developed. The plastic flow of metal powders at the macroscopic
level is assumed to be representable as a combination of a distortion mechanism,
and a consolidation mechanism. For the distortion mechanism the model employs a
pressure-sensitive, Mohr-Coulomb type yield condition, and a new physically based
non-associated flow rule. For the consolidation mechanism the model employs a
smooth yield function which has a quarter-elliptical shape in the mean-normal pres-
2
sure and the equivalent shear stress plane, together with an associated flow rule. The
constitutive model has been implemented in a finite element program. The material
parameters in the constitutive model have been calibrated for MH-100 iron powder
by fitting the model to reproduce data from true triaxial compression experiments,
torsion ring-shear experiments, and simple compression experiments. The predictive
capability of the constitutive model and computational procedure is checked by sim-
ulating two simple powder forming processes: (i) a uniaxial strain compression of a
cylindrical sample, and (ii) forming of a conical shaped-charge liner. In both cases
the predicted load-displacement curves and density variations in the compacted spec-
imens are shown to compare well with corresponding experimental measurements.
Thesis Supervisor: Lallit Anand
Title: Professor
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Chapter 1
Introduction
A "granular material" is an assembly of discrete solid particles, in which each particle
may be in contact with its neighbors. Common examples are sand, grain, fertilizers,
granular snow, packed ice, metal powders, ceramic powders etc. The volume of solids
per unit total volume, the solid fraction, for loose granular materials is typically
between 0.4 and 0.6. The overall kinematic or "flow response" of granular materials
is governed by the character of the solid particles themselves and their interactions.
The flow of granular materials is quite complex and is generally classified in terms
of different regimes with differing major characteristic features, Savage [1984]. One of
the limiting regimes is that of slow granular flow, in which inertia forces are negligi-
ble, and inter-particle contact forces may be suitably averaged to define a macroscopic
stress. Slow granular flow behavior has been studied extensively in the context of soil
mechanics and plasticity theory. The other limiting regime is rapid granular flow,
in which inertial effects are not negligible; in this fully dynamic grain-inertia regime,
momentum is transfered almost entirely by inter-particle collisions. There is also a
transitional flow regime in which the granular materials show characteristics of both
rapid and slow granular flows. The complexity of granular behavior makes constitu-
tive modeling of granular materials a challenging task. Ideas from fluid mechanics,
plasticity theory, soil mechanics and kinetic theory of gases may be applied to model
the response of granular materials in different flow regimes.
In this thesis, we focus on slow granular flows, and use the approach of continuum
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mechanics. We first construct a constitutive model which attempts to represent the
behavior of dry cohesionless granular materials, e.g. sand. Here, the individual
grains may be considered rigid, and the frictional sliding and rolling of particles
relative to each other is the dominant underlying mechanism of flow. Second, we
shall construct a constitutive model for the cold deformation/compaction of metal
powders in which both the inter-particle frictional behavior and the deformation of
the individual granules are equally important.
Dry Sand
Natural soils are usually an assembly of solid grains with water and air filling the
voids between particles in the solid skeleton. Soils exhibit a wide range of mechan-
ical behavior dependent upon the physical characteristics such as void ratio, water
content, fabric, and mineralogy. Here we focus on the slow granular flow of dry cohe-
sionless granular materials such as sand, where the effects of any water content can
be ignored. The overall deformation of a granular mass under low pressures results
from the sliding and rolling of particles relative to each other while the deformation of
the particles is not significant. The common characteristics of cohesionless dry sand
can be summarized as follows:
" Mechanical behavior is strongly dependent upon the void ratio.
" The resistance to shearing deformation increases with increasing pressure.
" Significant volume changes are observed during shearing deformation.
* Both strain hardening and softening are possible dependent upon the initial
state.
" Strain localization is commonly observed.
Within the context of a plasticity theory for granular materials, the Mohr-Coulomb
yield condition is widely used for modeling the yield behavior of granular materials.
However, the flow rule, which is the equation governing the plastic flow, is generally
16
not agreed upon. The physically-based "double shearing model", based on the Mohr-
Coulomb criterion, was first proposed by Mandel [1947] and later developed by De
Josselin De Jong [1971], Spencer [1964, 1982], Mehrabadi & Cowin [1978], Nemat-
Nasser et al. [1981], and Anand [1983]. The double shearing model assumes that the
plastic flow occurs by shearing accompanied by dilatancy on the surfaces on which
the shear and normal traction satisfy the Mohr-Coulomb yield conditions. But no
generalization of the double-shearing model to three-dimensions has been previously
reported. We shall present such a three-dimensional generalization in this work.
Strain localization is a very common phenomenon in granular materials. It is
observed in natural soil masses, as well as in human-built embankments, footings,
retaining walls, and other geotechnical structures. When the localization occurs, it
often involves a number of narrow zones of localized deformation, which are given
the name "shear bands". The shear bands can develop into rupture surfaces, where
a number of quasi-rigid blocks slide on each other. Vardoulakis et al. [1990, 1992,
1993] have conducted a series of strain localization experiments on Ottawa sand.
They have reported that the strain localization in granular materials is related to
strain hardening/softening and shear-induced dilatancy effects. Marone et al. [1990,
1999] conducted the shear tests on a thin gouge layer of sand. They showed the
interesting strain localization feature in the gouge layer - from "Riedel shear bands"
to "boundary shear bands"1 . There is growing evidence that the development of shear
localization processes may influence the stability of natural faults [Logan et al., 1992;
Beeler et al.,1996].
The initiation of localized shear bands has been treated as a bifurcation phe-
nomenon within the scope of continuum plasticity theories [e.g., Rudinicki and Rice,
1975; Rice, 1976; Anand, 1982; Vardoulakis, 1990; Vardoulakis and Sulem, 1995].
Although the onset of strain localization can be derived from standard bifurcation
analyses, few numerical simulations of the whole process of strain localization in
1 
"Riedel shear bands" are the bands which make an angle with respective to the shearing bound-
aries. "Boundary shear bands" are the bands which are parallel to the shearing boundaries. For the
details of the shear tests of a thin layer gouge, refer chapter 2.
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granular materials have been previously reported. Also, the predictions from such
simulations have seldom been critically compared against available experiments. Pre-
dictions for the onset and process of shear band formation are critically dependent on
the constitutive equations employed. For the soil mechanics community, shear band
analysis has become a test for constitutive equations, as well as a guide for calibrating
advanced constitutive models. We shall evaluate the applicability of our constitutive
model to predict strain localization in dry sands.
Stress distribution in a static, axi-symmetric sandpile has occupied much attention
of physicist and mechanicians for the past two decades. Intuitively, one expects the
maximum vertical stress would be directly beneath the apex of the pile; but in fact,
experiments shows a local dip under that apex of sandpile [e.g., Smid and Novasad,
1981; Brockbank et al., 1997]. Most of the previous models proposed to explain this
"startling" phenomenon have been based on incomplete constitutive models or ad
hoc assumptions, for recent reviews, see Savage [1997, 1998]. Here, we shall use the
physically based constitutive model recently developed by Anand and Gu [1999] to
investigate the stress state in a sandpile.
Metal Powders
Metal powders are widely used in industry to form net- or near-net-shaped compo-
nents. Since the first modern powder metallurgy (P/M) product - tungsten filaments
for electric light bulbs - was made in the early 1900's, powder forming processes have
been known as cost-effective methods for forming precision net-shape metal compo-
nents. The most commonly used metal powders are iron, steel, aluminum, copper, tin,
nickel, titanium, tungsten, molybdenum, and tantalum. Alloys such as bronze, brass,
stainless steel, and nickel cobalt super-alloys are also available in powder form. The
size of powder particle ranges from 0.1 to 1,000 micrometers. The shape of powder
particles varies widely. Major methods of producing metal powders are atomization
of molten metal, reduction of oxides, electrolysis, and chemical reduction.
Powder forming processes are used to form numerous parts for automobiles, air-
crafts, and many consumer products. Such processes are also an important source of
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high performance alloys such as metal matrix composites, super-alloys, tool steels etc.
Most of the powder forming processes involve cold deformation/compaction of metal
powders into high density green compacts 2 . However, the existence of non-uniform
density distributions in compacts may reduce the strength of the components, and
cause shape distortion during the sintering stage. Therefore, modeling of the me-
chanical behavior of metal powders for use in the simulation and design of powder
forming processes is of great interest to the powder metallurgy industry.
Most of the constitutive models proposed for the cold compaction of metal powders
are generalizations of the Mises J2 theory for isotropic, rate-independent plasticity
[Kuhn and Downey, 1971; Green, 1972; Shima and Oyane, 1976; Gurson, 1977; Do-
raivelu et al., 1984; Oliver et al, 1996]. These models employ a single yield function
of the general form
A(rq)J 2 +B(r)J2 Ym
where the J and J2 are the first and second stress invariants respectively. The yield
function above is assumed to be the linear combination of the two invariants. The
scaling parameters A(,q) and B(rq) are functions of the relative density r7. The param-
eter Ym is related to the deformation resistance of matrix materials. This quadratic
yield function generates an elliptical surface in principal stress space with the major
axis coincident with the hydrostatic axis. The elliptical surface is symmetric with
respective to hydrostatic tension and compression and exhibits rotational symmetry
about the hydrostatic axis. These models are often calibrated by the experiments
on sintered powder compacts. However, Brown and Weber [1988] have demonstrated
that the yield behavior of compacted and then sintered powders is very different from
that of identical powders compacted without sintering. Also, some recent experimen-
tal results show that the yield surface of unsintered powder compacts is asymmetric
with respect to hydrostatic tension and compression. [Watson and Wert, 1993; Brown
and Abou-Chedid, 1992, 1993, 1994]. Hence, these single yield surface models, which
may be applicable to sintered porous materials, need to be carefully evaluated before
2Green compacts refer the compacted parts which have not been sintered.
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being applied to unsintered powder compacts.
Micromechanical models by Fleck et al. [1992, 1995] also showed that the yield
behavior of powder aggregate due to the inter-particle contact may be significantly
different from that of sintered porous materials. Fleck, Kuhn and McMeeking [1992]
have conducted a micromechanical study based on the inter-particle contact of per-
fectly bonded spherical particles and assumed the plastic deformation occurs in a
region adjacent to the contact between particles. They showed that the macroscopic
yielding function due to inter-particle contact is not symmetric about the zero hydro-
static pressure axis. Recently, Fleck [1995] extended the previous micromechanical
model by including the inter-particle cohesive strength and friction. They have con-
cluded that the inter-particle friction and cohesive strength are important for the
overall yielding behavior of metal powders. The macroscopic yield function of metal
powders is asymmetric about the origin and significantly different from that of porous
plasticity models. These micromechanical models of inter-particle contact suggest
that granular flow may play an important role in powder compaction, especially in
the low pressure range.
Experiments have been critical in understanding the mechanical behavior of metal
powders and developing constitutive models. Watson and Wert [1993] performed ex-
periments on the aluminum powder, including tension, simple compression compres-
sion, uniaxial strain compression, and hydrostatic compression. They found that the
yield surface is asymmetric with respect to hydrostatic tension and compression. They
suggest that the two-part yield surface may be more plausible than the single ellipti-
cal yield surface to describe the mechanical behavior of metal powders. Abou-Chedid
and Brown [1992,1993,1994] conducted an extensive experimental investigation on
powder compaction. They reported that the porous plasticity theory is not consis-
tent with their experimental observation on metal powders. The yield behavior of
metal powders is strongly dependent upon the inter-particle cohesion. The granular
flow in powder compaction may be significant. They suggest that the Mohr-Coulomb
model may be applicable to the granular flow of metal powders at low hydrostatic
pressures. However, they did not investigate the important shear dominated granular
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response of metal powders. Akisanya, Cocks, and Fleck [1997] probed the yield sur-
face of copper powders using the confined triaxial test at confining pressure up to a
maximum capacity of 100 MPa. They showed that the yield surface of metal powders
is path dependent. Hence, there is a need to consider the granular behavior in the
constitutive modeling of metal powders.
These experimental results of Watson and Wert [1992], Brown and Abou-Chedid
[1992,1993,1994] suggest that one may borrow ideas for constitutive modeling from the
soil mechanics literature to construct suitable phenomenological constitutive models
which capture the major features of the response of initially loose metal powders
to the complex deformation processing histories encountered in the manufacture of
engineering components by powder metallurgy techniques. In particular they suggest
that a "two-mechanism-model", for example the Drucker-Prager/Cap type model
[Drucker et al., 1952, 1957] which is widely used to model geological materials which
exhibit pressure dependent yield, may also be useful for modeling the response of
powder metals.
It seems natural to apply ideas from soil mechanics literature for constitutive mod-
eling for metal powders. However, the mechanical behavior of metal powders during
a powder forming process differs significantly from that of sand, although the appear-
ance of loose metal powders does not differ much from loose sand. The stress levels
at which powder forming processes are carried out are several orders of magnitude
higher than the stress levels typically encountered in geotechnical applications. Under
such high stresses, it is important to consider the deformation and crushing of par-
ticles. Also, powder forming processes usually involve large deformations, dramatic
densification and significant development of inter-particle cohesion. There is a need
to evaluate the applicability of soil plasticity models to powder forming processes,
and we shall address these issues in this work.
With this as background, the thesis discusses three relatively independent sub-
jects about granular materials (each chapter that follows represents a technical paper
resulting from this thesis):
21
1. In chapter 2, a constitutive model for dry sand based on the double-slip kine-
matics is developed and implemented [Anand and Gu, 1999]. The ability of the
constitutive model to reproduce the macroscopic stress-strain response as well
as the volumetric change in experiment on sands is evaluated. The capability
of the model to describe important features with regard to the strain-softening
and shear-induced dilatancy has also been investigated. The constitutive equa-
tions and computational procedures are used to simulate the complete process
of shear band formation in geomaterials, not only the onset of the event. The
results of the numerical simulations have been compared with the recent exper-
imental results of Han and Drescher [1993] and Alsiny et al. [1992] on shear
localization in a dry sand. The constitutive model is also used to predict the
stress state in a static sand pile - a topic which has occupied the attention of
many investigators in recent years.
2. In chapter 3, the constitutive model for cohesionless granular materials devel-
oped by Anand and Gu [1999] is used to numerically explore the shear response
of a layer of gouge. In particular we have studied the development of localized
deformation patterns from inclined "Riedel shearing" to boundary paralleling
"boundary shearing" of a simulated fault gouge.
3. In chapter 4, a generalized "two-mechanism" rate-independent constitutive model
for describing the isothermal deformation behavior of metal powders at low ho-
mologous temperatures is presented. In this we also describe our specialization
of such a model to represent the response of metal powders. The constitutive
model has been implemented in the finite element program (ABAQUS/Explicit)
to facilitate simulations of powder forming processes. Results from true triaxial
compression, simple compression and torsion ring-shear experiments conducted
on MH-100 iron powder material are described. The procedures of using the
experimental data to obtain the material parameters of the "two-mechanism"
constitutive model is presented. The constitutive model and computational pro-
cedures are used to simulate two actual powder forming processes: (i) a well-
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controlled uniaxial strain compression of a cylindrical sample, and (ii) forming
of a conical component which is used in shaped-charges by the oil-drilling in-
dustry.
Some supporting documents will be found in the appendices. The procedure for
the density measurement of powder compacts is described in appendix A. An unit
cell analysis of particle contact is presented in appendix B.
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Chapter 2
Constitutive Model For
Cohesionless Dry Sand
2.1 Introduction
The Coulomb-Mohr yield condition is widely used in soil mechanics to determine the
stress required for flow of a granular material; however, the flow rule, that is, the
equation which governs the flow behavior, is generally not agreed upon. The purpose
of this paper is to present a complete constitutive model for the large deformation
response of dry granular materials under quasi-static conditions at low pressures. The
model is a generalization of a "double-shearing" plane strain constitutive model which
may be traced to the papers of Spencer (1964,1982), Mehrabadi & Cowin (1978),
Nemat-Nasser et al. (1981), Anand (1983), and others'. Here, the plane strain
model is generalized to three-dimensions including the effects of elastic deformation
and the typical pressure-sensitive and dilatant, hardening/softening response observed
in granular materials.
The constitutive model has been implemented in the finite element program
ABAQUS/Explicit (1998) by writing a user-material subroutine. The program is
1We shall focus our attention on essentially monotonic behavior. For a discussion of the cyclic
response of granular materials within the context of a double-shearing model, see Balendran &
Nemat-Nasser (1993).
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used to predict the formation of shear bands in plane strain compression and plane
strain expansion of a cylindrical cavity. The numerical calculations are shown to be
in good quantitative agreement with the recent corresponding experiments of Han
and Drescher (1993), and Alsiny et al. (1992) on localization in a dry Ottawa sand
under low pressure conditions.
The finite element program is also used to predict the stress state in a static,
axi-symmetric sand pile. Intuitively, one expects the vertical stress at the base of
a pile to be maximal where the total height of the material is maximal - at the
center. Various investigators, including Smid and Novosad (1981) and Brockbank
et al. (1997), have measured the vertical stress distribution developed at the base
of conical piles of granular materials. In some granular systems, especially sand, it
has been found that the vertical stress does not have a maximum under the apex
of the cone, but shows a local dip there. Many investigators have developed models
and carried out calculations to explain these experimental observations. For a recent
erudite review of the problem, and associated references to the literature, see Savage
(1997, 1998). Our calculations, shown in Section 5, present a new explanation for the
central dip in the stress that is sometimes observed at the bottom of a sand pile.
2.2 Constitutive Model
We shall use notation which is now common in modern continuum mechanics (e.g.,
Gurtin, 1981). In particular, the inner product of two vectors u and v will be denoted
by u - v. The tensor product of two vectors u and v will be denoted by u 0 v; it
is the tensor which assigns to each vector w the vector (v - w) u. The symmetric
and skew parts of a second rank tensor S are denoted by symS = (1/2) (S + ST) and
skwS = (1/2)(S - ST), respectively. The inner product of two tensors S and T is
defined by S -T = trace (STT).
30
Let T denote the symmetric Cauchy stress. This has the spectral representation
-11 (9 ei + U262 0 62 + -363 e 3 0e 3  if (T1 > 9 2 > -3 ,
0 11 9 1 + U3 (1 - 610 61) if 1 > 2= 3 , (2.1)
0733 0 3 + U1 (1 - 83 0 3 ) if c 1 = 072 > U 3,
a- 1 if 0-1 = O-2 = 0-3,
where {o-iIi = 1, 2, 3} are the principal stresses, and {6i = 1, 2, 3} are the principal
directions of stress. We employ the usual sign convention of continuum mechanics
that tensile stress components are positive, and assume that the principal stresses
{oii = 1, 2, 3} are strictly ordered such that a- > U2 > 9 3 . The granular materials
that we shall consider are defined only for a-, < 0.
2.2.1 Additive decomposition of the velocity gradient
The kinematics of a granular material is characterized 2 by the hypothesis that the
velocity gradient L is additively decomposable into an elastic and a plastic part
(Nemat-Nasser, 1983):
L = Le + LP. (2.2)
The plastic velocity gradient LP is the macroscopic representation of the incremental
plastic deformation which arises at the microscale because of sliding and rolling of
contacting granules relative to each other. The elastic velocity gradient L' is the
accompanying velocity gradient which renders L compatible; it is associated with
the possible elastic distortions of the grains as well as the change in the statistical
distribution of contact unit normals, the "fabric," and hence the frictional contact
forces. L' causes a change in the Cauchy stress T, whereas the plastic velocity
gradient does not cause a change in stress.
2 By analogy to the kinematics of ductile single crystals
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2.2.2 Constitutive equation for the stress
Let D' = sym L' and We = skw L' denote elastic stretching and spin, respectively,
and let
T = ''-We T+T We, (2.3)
denote an objective time-derivative of the Cauchy stress with respect to the elastic
spin. Then, for the typically small elastic stretches observed in granular materials,
the evolution equation for T is taken as
T7e = C [De], (2.4)
where C is a fourth order elasticity tensor, which is possibly dependent on the stress
T and the relative density r,
C = C (T,r) , with r = p/ps, (2.5)
where p is the mass density of the granular material, and p, is the mass density of
solid granules3 .
2.2.3 Yield condition, slip systems, flow rule
The flow rule is an equation for LP. We assume that plastic flow occurs by shearing
accompanied by dilation/compaction relative to some potential slip systems. Slip
systems will be labeled by integers a; each slip system is specified by a unit normal
n' to the slip plane, and a unit vector m0 denoting the slip direction, with n' and ma
orthonormal. For an amorphous isotropic material there are no preferred directions
other than the principal directions of stress, and for this reason we have three possible
3We shall use the relative density rq to describe the denseness of a granular material, rather than
the void ratio e = 1 - r7-1, which is often used in soil mechanics.
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scenarios concerning potential slip systems depending on whether or not the principal
values (directions) of the stress are distinct or otherwise. We consider the potential
slip systems and yield conditions for each case separately in what follows.
Yield condition, Potential Slip Systems:
Case (i) a1 > U2 > U3:
Let (M, n) denote a potential slip system lying in the (ei , 3)-plane and oriented
such that m makes an angle with respect to the 61 axis
m = cos 61 + sin 6 3 , n = sin 61 - cos 6 3 ,
and let
T= m -Tn, and - = -n - Tn,
denote the resolved shear stress and compressive normal traction for such a system.
Following the classical ideas of Coulomb and Mohr, we assume that shearing is pos-
sible only on those slip systems for which
f = {T-c-(tan$)o}, o->O,
is a maximum with respect to , where c is a material parameter called the cohesion,
and q is a material parameter called the angle of internal friction. The quantity
[ = tan 0 is called the internal friction coefficient. It is easily shown that the
quantity f is a maximum for
(2.6)
4 2
Hence, in this case there are two potential slip systems with slip directions which
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are symmetrically disposed about the maximum principal stress direction:
mi) = cos 16 + sin (e3 , n(l) = sin 1  e- cos 63 ,
(2.7)
m2) = cos e1 - sin e3 , n(2 ) = sin 1  + cos 6 3 ,
with = {(7/4) + (0/2)}, Figure 2-1.
Case (ii) -1 > -2 = C3:
In this case e2 and e are any two orthonormal vectors perpendicular to ei, and
we have an infinite number of potential slip systems with slip directions m(') lying
on a cone with axis e1 and a semi-angle ( = {(7r/4) + (0/2)}. If we choose any pair
of orthonormal vectors (b2, e3 ) perpendicular to 6i, then the potential slip systems
may be visualized as in Figure 2-2.
Case (iii) O-1 = -2 > U 3 :
In this case 61 and e2 are any two orthonormal vectors perpendicular to e3, and
again we have an infinite number of potential slip systems with slip directions m(')
now lying on a cone with axis e3 and a semi-angle = {(r/4) + (q/2)}. If we choose
any pair of orthonormal vectors (&1,e 2 ) perpendicular to e3 , then the potential slip
systems may be visualized as in Figure 2-3.
Case (iv) -1 = -2 = U3:
In this case there is no potential slip systems.
The yield condition for all three cases is the classical Coulomb-Mohr condition
f = {T - c -(tan 0) o-} 0, (2.8)
with
T =T a = ma -Tn, - =aa = -no a Tn, a = 1,2. (2.9)
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Flow rule:
Case (i) -1 > U2 > T3:
The plastic velocity gradient is made up of a pair of simple shearing rates A(Q)
on each of the two slip systems, and this shearing is accompanied by shear-induced
dilatation rates 6 (Q) in the directions normal to the shear directions:
2
LP= ifc) m(c) 9 n(a) + ®a)n(a) ( n(a),
a=1
(a) 
- (a
where # is a dilatancy parameter. The shearing rates are restricted such that
(a) >0 and I(a)f=0.
Hence,
2
DP ( sym LP) = S (a) [sym (m(e) 9 n(c)) + # n(a) 9 n(a)]
a=1
2
WP (a skw LP) = E I(a) [skw (m(a) 0 n(a))]
a~=1
( (2) _ (1)) (1/2) {ei 0 e3 - e3 0 01}-
By assumption, there are no preferred material directions for an amorphous isotropic
material under consideration, and since the slip systems are symmetrically disposed
about the maximum principal stress direction, the resolved shear stress and the com-
pressive traction on the two systems are identical; hence, there is no reason to expect
that (2) is not equal to ,(1). Therefore, we enforce the condition }(2) = y(), which
leads to
WP = 0. (2.10)
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With this simplification, the flow rule may be written as
DP= I M (2.11)
M= (2.12)
P = (1/2) sin(2 ) {ei (D 61 - e3 (9 e3} (2.13)
N = {sin 2 6i 06, +cos 2  63  6 3}, (2.14)
= /3 (/) ... dilatancy parameter (2.15)
> 0, f = 0, (2.16)
where, - = (A(l) + A( 2 )) P + 0 NH1. Note that with this simplification the shearing
rates j(c) do not need to be determined individually, and that the shearing rate is
determined4 by the consistency condition to be discussed shortly.
Case (ii), -1 > -2 = -3:
In this case the flow rule has the same form as that for case (i), but with P and
N replaced by
P = (1/2) sin(26) {1, 0 81 - (1/2) (1 - 81 ® e1)}, (2.17)
N = (1/2) {sin 2  1 61 + (1/2) cos 2  (1- ei 0 )} . (2.18)
Case (iii), O-1 = -2 > U-3:
In this case the flow rule also has the same form as that for case (i), but with P
and N replaced by
P = (1/2) sin(2 ) {(1/2) (1 - 63 9 63) - 63 063}, (2.19)
N = (1/2) {(1/2) sin2 (( - 63 9 03) + COS2 03 0 63}. (2.20)
4The quantity A1 is strictly not a plastic shearing rate because, as defined, it contains a volumetric
component. However, for simplicity, in this paper we shall refer to A as a "shearing rate."
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As is clear, in the flow rule considered here, the principal directions of the plastic
stretching DP coincide with those of the stress T; such a flow rule is called a coaxial
flow rule in the literature.
2.2.4 Evolution equations
The material parameters/functions for the plastic part of the model are the cohesion c,
the internal friction coefficient M = tan q, the dilatancy parameter 3, and the relative
density r7. In what follows, we concentrate on cohesionless materials, c = 0, and
specify evolution equations for {p, ,,qj}.
Friction Coefficient:
We assume that p increases/decreases as the material hardens/softens by redis-
tribution of contact normals during the course of deformation. This is modeled phe-
nomenologically by
y=h, p(0) = po, (2.21)
h = h, 1--- sign I - , (2.22)
PS = pcv + b(77 - 7cr )q if 71 > 77cr, (2.23)
Pcv if T/cr-
Dilatancy Parameter:
/1= ho (1p - pevY (2.24)
Relative Density:
= - tr DP, q (0) = o. (2.25)
The material parameters in the evolution equations are {ro, po, h,1 ,p, Pcv, 1 cr, b, q, h,}3.
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If mqO > r7cr, then we call the granular material initially over-consolidated, and if
R7O < 1cr then we call the material initially under-consolidated. We note that in general
77cr may be a function of the hydrostatic pressure; however, for the low pressure regime
under consideration, we treat Rlcr as a constant.
The hardening modulus h is positive when p < pts, it is negative when y1 > p-s,
and the quantity ps depends on the value of the relative density r/ with respect to
a critical value rcr. If initially qo < r1cr and aO < PCV, then the friction coefficient /t
increases until it reaches a value p1c. The equation for the dilatancy parameter has
the character that 3 -+ 0 as /a -+ pc,. Thus, using the classical terminology in soil
mechanics, we call pc, the friction coefficient in the constant volume state. When
r70 > Rcr, the coupled nature of the evolution equations will give a peak in the friction
coefficient p versus shear strain 7 curve in monotonic shearing.
2.2.5 Consistency condition
Since f < 0 we must have j < 0 when f = 0. We specify that when f = 0, - > 0
only if I = 0, and set ' 0 if j < 0:
j'=O when f= 0. (2.26)
This consistency condition serves to determine the shearing rate ' when plastic flow
occurs.
This completes the constitutive model. We have implemented our constitutive
model in the finite element package ABAQUS/Explicit (1998) by writing a user-
material subroutine. In the next section we apply it to describe the response of a
sand.
However, before closing this section, it is useful to analyze an important feature
of the flow rule formulated above '. For clarity, we consider the specialization of
the constitutive model to one with isotropic elasticity, a non-frictional, < = 0, yield
5 The analysis presented here is suggested by Prof. J.R. Rice
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condition, and a non-dilatant, # = 0, flow rule. This specialized material model
may be called a "Tresca Material"; the flow rule in this material model preserves the
essential character of the flow rule for the more general material model considered
above.
Tresca Material:
" Constitutive equation for stress:
E /vTV = C[D-DP], C= + 1 01(I + V) (I - 2v)
with E and v the Young's modulus and the Poisson's ratio.
" Tresca yield condition:
1f = {r - s} 5 0, with T -(1 - U 3 ) > 0,2
and s the shear strength of the material.
" Flow rule:
DP= "P, - > 0, where
1P = {f 1 0 1 1 - 63 63}, for a-,
P = 1 { 0,6i - (1 -& 8 ei ) ,
1 1
P = 22 (1 - 3 ® e3) - 63 0 3
(2.27)
> (- 2 > 03,
for -1 >-2=U 3,
for -1 --02>3.
Note that here, ' -- (T - DP) /T.
* Evolution equation for s:
= hj, s(0) = s0,
where so is the initial value of the shear strength, the yield strength in shear,
and h is the strain-hardening rate.
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* Consistency condition:
7yf =O when f =0.
From (2.27) it is clear that enumeration of all possibilities for plastic flow requires
that either (a) one of the principal values of DP is zero; the case when al > U 2 > U3; or
(b) two of the principal values of DP are equal to one another; the cases corresponding
to Ori > U2 = 9 3 and o1 = a 2 > U 3 . Thus, the model has internal constraints
on the principal values of DP. Now consider the response of such a kinematically
constrained material in a deformation driven problem (posed by J. R. Rice, private
communication) in which motions of the boundaries of a parallelepiped box for which
Dj1 , D 2 2 , and D 33 are all non-zero and unequal, but summing to zero, and
all other Di3 = 0. For an elastic-plastic material we expect that under monotonic
deformation D -* DP, and De -+ 0. Thus, at first blush, a solution to such a
problem appears not to exist in our formulation (except for the unacceptable one
accommodated by continuing elastic deformation) because an imposed D with non-
zero principal values violates possibility (a) above, and an imposed D with unequal
principal values, violates (b), yet (a) and (b) include all possibilities in the flow rule.
Recall that one cannot impose arbitrary strains in material models which exhibit
internal constraints, such as an incompressible solid, or a solid which is inextensible in
one direction. Our constitutive model is also a model with internal constraints on the
plastic stretching. To remove the onus of arbitrarily imposed strains on an internally
kinematically constrained material, the problem considered above may be rephrased
as follows: Consider a cuboidal box of material whose boundaries facing in the 1 and
2 directions are moved so as to impose deformation rates D11 = D, D 22 =-(1/3)D,
while a constant compressive stress T33 is imposed in the 3 direction. Even for this
problem it appears that the proposed model does not have a solution, other than
the unacceptable one in which there are continuing elastic strain rates of the same
order as D, so that T11 and T22 ultimately become arbitrarily large. However, an
acceptable numerical solution to this box problem exists, and we discuss it
below.
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Consider an elastic-plastic, non-hardening Tresca material with a Young's modulus
E = 70 GPa, a Poisson's ratio v = 0.33, and a constant shear strength of s = 250 MPa.
A cuboidal body is represented by an ABAQUS-C3D8R three-dimensional continuum
element. A stress T33 = -100 MPa is applied in a first step, and in a second step
a motion with D11 = 1/sec, D2 2 = -(1/3)/sec is imposed. Fig. 4a shows the
undeformed and deformed configurations of the body; there are no shearing strains
in the body. Fig. 4b shows the logarithmic strains El, E22 , E33 . Note that T33
was ramped up from zero to its maximum value in a total time of 0.01 seconds in
step 1. This figure also shows the trace of the strains, trace = Ell + E22 + E 33 ;
after the initial transients there is no further increase in volume. Fig. 4c shows the
curve for T11 versus El, T2 2 versus E 2 2 and T3 3 versus E 33 . Note that all these
stresses and strains are principal, and when plastic flow is dominant, T2 2 = T3 3 . Also,
(1/2)(T 1 - T33 )= 250 MPa, as should be for a non-hardening material with a shear
strength of 250 MPa.
It is important to note that in carrying out the eigenvalue problem to determine
the principal values and direction of the stress, numerically one seldom gets equal
eigenvalues. Thus central to the algorithm that we have used in implementing our
constitutive model are statements of the type:
ISTRESSFLAG =1
IF( ( SIGMA(2) - SIGMA(3) ) .LT. SIGMAX*1.D-3) THEN
SIGMA(2) = SIGMA(3)
ISTRESSFLAG =2
END IF
IF(( SIGMA(1) - SIGMA(2)) .LT. SIGMAX*1.D-3) THEN
SIGMA(1) = SIGMA(2)
ISTRESSFLAG = 3
END IF
where SIGMAX=MAX(uil , 121,I O3 1). For each increment, ISTRESSFLAG =1 cor-
responds to unequal principal values of stress, a1 > 9 2 > u3; ISTRESSFLAG=2
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corresponds to a- > -2 = U3; and ISTRESSFLAG=3 corresponds to a-1 = -2 > 9 3,
Details of the numerical solution (not exhibited here) show that the principal
directions of DP and T coincide. Also, the principal values of stress intermittently
switch between periods of deformation for which D 2  = D' = -(1/2)DP1 when
ISTRESSFLAG=2, and for which DP2 = 0, DP3 = -DP1 when ISTRESSFLAG=1.
Neither type of deformation individually allows one to meet the boundary conditions
assuming there is purely plastic response, so that non-zero D are activated. This
causes small changes in the stress so that ISTRESSFLAG changes from 1 to 2 or 2
to 1. The system can never be satisfied when put in either ISTRESSFLAG state,
and immediately seeks the other state. The stress fluctuations and hence elastic
contributions to D are too small to notice when one plots strains Ell, E 22 , E 33 , as
in Fig. 4. The numerical algorithm requires a finite difference (SIGMAX*1.D-3)
between U2 and U3 before one suspends ISTRESSFLAG=2. Thus as one decreases
the required difference, the frequency of switching will increase, and as one lets that
difference go to zero, we expect that the frequency of switching will go to infinity. In
that limit, we seem to approach the classical description of deformation at a vertex,
namely, that the flow is the sum of the different flow states which are critically
stressed. Therefore, even though our flow rule, as stated, disallows certain type of
deformation states, these states can be approached arbitrarily closely by sufficiently
rapidly switching between the types of deformation states allowed by the flow rule.
It is important to appreciate that it is strain, and not strain rate versus time that
can be approached arbitrarily closely in the limit of indefinitely rapid switching.
Thus the flow rule for the Tresca-material, and also the more general flow rule for
frictional and dilatant materials, are non-standard. However, since they are physically
motivated, and capture a "vertex-like" structure in the limiting sense discussed above,
they more realistically capture localization phenomena, as we show below.
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2.3 Plane Strain Biaxial Compression Of A Dry
Sand
Han and Drescher (1993) have conducted plane strain biaxial compression experi-
ments on a dry, coarse "Ottawa" sand with an initial relative density of rqo = 0.675.
We calibrate the material parameters in our constitutive model to the experimental
data reported by these authors.
The tests reported by Han and Drescher (1993) were performed in an apparatus
developed at the University of Minnesota by Drescher, Vardoulakis, Han and their
colleagues (e.g. Drescher et al., 1990). In their experiments, the soil specimens
are prismatic in shape with a width of 40 mm, a height of 140 mm, and a depth of
80 mm in the plane strain direction. Each specimen is encased in a rubber membrane,
placed on a lower loading plate, and confined between rigid walls 80 mm apart. The
lower loading plate rests on a platen connected to a linear bearing sled. On top of
the specimen rests another loading plate connected through a socket with a loading
piston. To promote homogeneous deformation, prior to shear band formation, the
sides of the rubber membrane which are in contact with the loading plates and the
confining walls are lubricated. The apparatus is then placed in a pressure chamber
in which a specimen can be subjected to a confining lateral pressure up to 1 MPa.
A specimen is then subjected to a controlled axial displacement rate. For additional
details of the apparatus and testing procedures, see Drescher et al. (1990). Fig. 2-5
taken from Han and Drescher (1993) shows a typical axial compressive load, P, versus
axial compressive displacement, 6, curve at a confining lateral pressure of 200 kPa, and
an axial displacement rate of 0.2 mm/min. Han and Drescher (1993) also measured
the lateral displacement, of the lower platen versus axial displacement curve, and
determined the axial displacement level at which there is the onset of continuous
lower platen movement - this is identified with the state of a fully developed shear
band. On the axial load versus axial displacement curve this point, marked by S, is
located close to the peak in the load-displacement curve.
Let (C 1 , Ei) denote the axial stresses and strains, (o-3, 3) the lateral stresses and
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strains, and let
1 1
T= -I1 - -U 3 1, p =- G (+U 3), 7 =1 - 31, E = (El + E3 ),2 2
denote measures of shear stress, mean stress, shear strain, and volumetric strain,
respectively. Using the pre-shear band experimental data they present curves for the
stress ratio (T/p) versus shear strain -y, and the volumetric strain c versus shear strain
-y. The stress ratio (r/p) is related to the "mobilized" friction coefficient defined as
follows
t = tan sin- ( - ). (2.28)
( 1 + C-3
The data of Han and Drescher is re-plotted as / versus y, and c versus y curves
in Fig. 2-6. Note that because of the definition of the mobilized friction coefficient,
when -1 = -3 initially, the quantity y = 0, and it increases from this initial value of
zero to to a value of - 0.9 at the point S. Also, the volumetric strain E is initially
negative and then turns positive at a shear strain -y ~ 0.02; that is, the specimen first
compacts and then dilates.
Beyond the point S, curves of the type shown in Fig. 2-6 are not meaningful,
because they do not represent the response of the granular material. The large strain
response of the material within the shear band, coupled with the response of the
material in the specimen outside the shear band, is contained in the load-displacement
curve, Fig. 2-5b.
In order to determine the material parameters in our constitutive model to large
strains, we have carried out numerical simulations using (i) a single ABAQUS-CPE4R
plane strain element, subjected to a lateral pressure of 200 kPa, and an axial dis-
placement level corresponding to point S in Fig. 2-5; and (ii) a finite element mesh
consisting of 800 ABAQUS CPE4R plane-strain elements subjected to lateral pres-
sure boundary conditions of 200 kPa, and axial displacement levels corresponding to
a displacement of e 15mm in Fig. 2-5. In the numerical calculation we prescribed
an initial relative density of 10 = 0.675 for all the elements, except for one element
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in the center of the specimen, where the relative density was set to 77 = 0.662. This
very slightly weaker element serves as a nucleation site for a macroscopic shear band.
The values of the material parameters in the constitutive model were adjusted using
a trial-and-error method to obtain the curve-fits shown in Figs. 2-6 and 2-7a.
The material parameters used to obtain the fit are:
" Elastic Moduli: E = 200 MPa, v = 0.1
The elastic response of granular materials is known to be sensitive to pressure
and the relative density. However, a simple isotropic elastic response often
suffices (e.g. Vardoulakis and Sulem, 1995), and we have used this assumption
here.
" Cohesion: c = 0
We model the dry sand as cohesionless.
* Friction Coefficient:
MO = 0, h, = 300, p = 1.88, I-ct = 0.613, r7cr = 0.54, b = 2.35, q = 1.
" Dilatancy Parameter: h# = 1.5.
" Initial Relative Density rqo = 0.675.
The constitutive equations rather nicely capture the measured evolution of the
mobilized friction coefficient y and volumetric strain E versus the shear strain -y up
to the point S prior to localization, Fig. 2-6. The complete axial-load versus axial
displacement curve is also reasonably well captured, Fig. 2-7a.
The variation of friction coefficient and volumetric strain versus the shear strain
response at large shear strains corresponding to the material parameters listed above,
is shown Fig. 2-8. Note that p goes through a peak, and then levels out at a value
/c, = 0.613, at which point the volumetric strain also ceases to change, and # = 0.
The experimental data of Fig. 2-6 is for small shear strains only - for strain levels
prior to shear band formation. The large strain response shown in Fig. 2-8 depicts
the constitutive response in the shear band.
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Our constitutive model fits within the classical idealization of a simple material
with a local constitutive response. We recognize that our strain-hardening/softening
constitutive model does not contain an intrinsic length scale. As is well-known, the use
of such a model in finite-element calculations predicts post-peak load-displacement
curves which are mesh-sensitive, and the width of a predicted shear band collapses to
the size of the element used in finite-element simulations, Fig. 2-7b. In spite of these
known limitations, in our view, our constitutive model represents a good model for
the response of dry granular materials.
Fig. 2-9 shows vector plots of the velocity field, and contour plots of the shearing
rate, y, and relative density, q, at an early stage of the plane strain compression
simulation marked by an arrow on the load-displacement curve shown in Fig. 2-9a.
Even at this stage of a nominally homogeneous deformation, the contour plot for the
shearing rate shows two active shearing directions.
Fig. 2-10 shows vector plots of the velocity field, and contour plots of the shearing
rate, y, and relative density, q, prior to the peak in the load-displacement curve,
marked by an arrow as shown in Fig. 2-10a. At this stage we observe only one set of
widely spaced active shear bands, with the shearing rate showing a maximum in the
band which includes the initial element with a lower relative density. The contour
plot for the relative density shows the associated small dilatation in the dominant
band.
Fig. 2-11 shows vector plots of the velocity field, and contour plots of the shearing
rate, -, and relative density, q, at the peak in the load displacement curve, marked by
an arrow as shown in Fig. 2-11a. The velocity vector field clearly shows the beginning
of a block-sliding mechanism. We observe only one active shear band. The contour
plot for the relative density shows that there is substantial dilatation in the band,
and that the relative density in the band has decreased to ~~ 0.635.
Fig. 2-12 shows vector plots of the velocity field, and contour plots of the shearing
rate, -, and relative density, 7, at a late stage in the load displacement curve, marked
by an arrow as shown in Fig. 2-12a. The velocity vector field clearly shows a block-
sliding mechanism. The shear band has fully developed. The contour plot for the
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relative density shows that there is a large dilatation in the band, and that the
relative density in the band has decreased to the range of p-, = 0.613. The numerical
calculation gives an orientation for the shear band of 0 = 56' to the direction of
the lateral stress. This is in excellent agreement with the experimentally measured
orientation reported by Han and Drescher (1993).
2.4 Inflation Of A Cavity In A Thick-walled Cylin-
der
Alsiny et al. (1991) report on the results of experiments in which thick-walled cylin-
ders of Ottawa sand are inflated under cavity volume control, a constant external
pressure, and lubricated ends under plane strain conditions, Fig. 2-13a. The inner
diameter of the cylinder is 30 mm, the outer diameter is 300 mm, and the height of the
thick-walled cylinder is 150 mm. The measured cavity pressure versus cavity volume
change curve for the coarse Ottawa sand, for a pressure of 200 kPa applied to the
external boundaries of the cylinder, as reported by these authors, is reproduced in
Fig. 2-13b. The curve shows a peak at ~ 900 kPa. The authors report that intense
shear banding, in a curvilinear band which intersects the external boundary of the
specimen, takes place slightly beyond the peak in the cavity pressure versus cavity
volume curve, and that this intense localization is preceded by a diffuse surface rum-
pling mode at the inner bore of the cylinder; see the radiographs shown in Alsiny et
al. (1991).
Han and Drescher (1993) used the same coarse Ottawa sand used by Alsiny et al.
(1991). In the previous section of this paper we have already calibrated the parame-
ters for this material from the data on plane strain biaxial compression experiments
provided by Han and Drescher (1993). Using these independently determined material
parameters, and the implementation of our constitutive model in ABAQUS/Explicit,
we have simulated the cavity inflation experiment. In our simulations we used dis-
placement boundary conditions to drive the expansion of the inner wall, rather than
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the pressure boundary conditions used by Alsiny et al. (1991). For simplicity6 only
one quarter of the specimen was modeled, and an element at the inner boundary
of the cylinder was prescribed a slightly lower initial relative density as a potential
nucleation site for shear bands. Fig. 2-14a shows the numerical prediction for the
differential cavity pressure versus the displacement at the inner cavity. Note that
this curve shows a peak at ~ 900 kPa, just as that seen in the experimental results,
Fig. 2-14b. Contours of the relative density at the end of the numerical calculation
are shown in Fig.14b. These contours clearly show the curvilinear shear bands which
shoot out from a set of conjugate bands which first form at the inner cavity. The
break in symmetry of the numerical calculations is attributed to the slightly weaker
element at the inner boundary, and also to small numerical perturbations in our
explicit-dynamic calculations.
2.5 Stress Distribution In A Static Conical Gran-
ular Pile
Numerous papers dealing with stress distributions in static piles of granular materials
have been recently published. Much of the literature has been stimulated by the
experiments of Smid and Novosad (1981), who measured normal and shear stresses
at the base of conical piles of sand and granulated fertilizer sitting on a steel plate.
They found that the normal stress distribution did not have a maximum under the
apex of the cone, but showed a local dip there. The literature has been reviewed
and critiqued by Savage (1997, 1998) who points out that rather than being a recent
'dramatic' and 'startling' revelation, the dip in stress under granular piles has been
known since the experiments of Hummel and Finnan (1920-21). The conical piles of
Hummel and Finnan were 0.457 to 0.533m high, and the piles of Smid and Novasad
ranged in size from 0.2 to 0.6 m in height. Similar experiments, but on smaller piles,
less than ~ 100 mm in height, have been conducted by Jotaki and Moriyama (1979),
6Since shear localization breaks symmetry, a simulation of the complete cross section of the
cylinder would have been more representative.
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and more recently by Brockbank et al. (1997).
Brockbank et al. (1997) conducted experiments on 2.62 mm diameter lead shot,
0.22 mm sand, small (0.18 mm) and large (0.56 mm) glass beads, and fine flour. All
piles were formed by pouring from a point source above the apex of a growing conical
pile. Their experimental results concerning the normal stress distribution at the base
of the piles showed a great deal of scatter. There was big dip in the vertical stress
distribution for sand, a smaller one for small 0.18 mm glass beads, a barely noticeable
one for larger 0.56 mm glass beads, and no dip for 2.62mm diameter lead shot. The
pile made from fine flour showed a peak in the vertical stress distribution. Thus,
the shape of the measured stress distributions depended on the particular material
tested, the particle size, and the particle size distribution. Here, we concentrate on the
results7 of Brockbank et al (1997) for experiments on sand, which showed significant
stress dips, Fig. 2-15. The sand used by these authors was angular, fine (0.22mm),
and had a wide spread in its size distribution (standard deviation of 0.12mm).
We will use the elastic-plastic constitutive model developed in this paper to per-
form finite element computations to calculate the stress distribution in the final static
configuration of conical sand piles. Unlike the experiments in which the piles were
formed by pouring from a point source, in the numerical simulations a sand pile will
be formed using the following two-step process:
Step 1. A conical mass of sand is placed between a rigid plate and a rigid conical die
with die semi-cone angle of 58.5', the sand is subjected to gravitational loading,
and the plate/die/sand assembly allowed to equilibrate.
Step 2. The conical die is quickly lifted, and the sand mass allowed to find a new
equilibrated, perhaps slightly slumped, configuration on the rigid base plate.
To model the sand, we consider two possibilities:
7These authors used a thin rubber layer under their sand pile in order to make their stress
measurements; this may have some influence on the stress distribution, compared with a pile built
on a perfectly rigid base. However, we agree with Brockbank et al that the effects of the elastic
compliance of their substrate on their measured stress distribution is small. For a discussion of
calculations in which stress dips under piles may arise when the base is allowed to deflect, see
Savage (1997, 1998), who discusses several other possibilities.
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Case 1. A cohesionless, non-dilatant material with a constant coefficient of internal
friction of it = 0.613, which corresponds to an internal friction angle of 31.50.
Specifically, for the material parameters in our constitutive model we set
po = 0.613, h, = 0.0, p = 1., Mc = 0.613, m = = 0.54, h3  0.0.
Case 2. A cohesionless material for which the mobilized friction coefficient [t evolves
from an initial value of [to = 0.0 to IL = 0.578, which corresponds to an internal
friction angle of 30.00.
Specifically, for the material parameters in our constitutive model we set
ipo = 0.0, h = 300.,p = 1.88, pcv = 0.578,io = c, = 0.54, h,3= 1.5.
The surface interaction between the sand pile and the rigid table is modeled using an
interface Coulomb friction model with an interface friction coefficient of pinterface
0.613 for the first case, and [interface = 0.578 for the second case.
The results from an axi-symmetric finite element calculation for Case 1 are shown
in Fig. 2-16. Because of axial symmetry, only one-half of the problem is modeled.
Fig. 2-16a shows the equilibrated configuration of a finite element mesh for a sand pile
under gravity loading resting on a frictional rigid substrate, and constrained with a
conical die. Note that in this case we have chosen the geometry of the conical die such
that the angle between the die and the rough base plate is exactly the same as the
angle of internal friction # = 31.5'. Fig. 2-16b shows the finite element mesh for the
equilibrated 8 sand pile after the constraining conical die has been lifted. Fig. 2-16c
and Fig. 2-16d, respectively, show contours of the plastic strain -y and the vertical
stress -22. Note that in this special case there is no plastic deformation, and the
vertical stress distribution shows a maximum under the apex of the sand pile, as is
expected from an elastic calculation.
The results from the calculation for Case 2 are shown in Fig. 2-17. Recall that in
this case the internal friction coefficient is allowed to evolve from a value of [ = 0.0
to [ = 0.578, Fig. 2-17a. Because of this, the sand pile undergoes non-homogeneous
8 The finite element calculations reported here are explicit/dynamic calculations with full account-
ing for inertia effects. The "equilibrated" deformed configurations correspond to configurations with
negligible kinetic energy.
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plastic deformation'. The contours for the plastic strain y are shown in Fig. 2-17b;
the maximum strain levels are < 2.5%. The resulting contours of the internal friction
coefficient p are shown in Fig. 2-17c; the friction coefficient varies from a low value of
- 0.173 to a high value of a 0.546. Finally, Fig. 2-17d shows contours of the vertical
stress c-22 experienced by the base plate. This stress distribution shows a pronounced
dip under the apex of the cone.
In Fig. 2-18 we plot the calculated non-dimensional stress distribution U22 /(p g H),
where p is the mass density of the sand, g is the gravitational constant, and H is
the maximum height of the sand pile, against the normalized distance from the pile
center r/R, where R is the pile radius. The numerical results of Fig. 2-18b are
qualitatively similar to the experimental data of Brockbank et al, Fig. 2-15. Any
quantitive agreement that may exist is entirely fortuitous because the sand piles in
the two cases have undergone different processing histories.
Our calculations clearly show that the cause for the origin of the dip in the residual
stress component -22 , is the nonhomogeneous plastic strain that occurs during the
formation of a sand pile, Fig. 2-17b, which gives rise to a nonuniform internal friction
coefficient u, Fig. 2-17c. As shown in the calculations for Case 1, if p is forced
to have a high constant number, which also results in no plastic deformation for
the geometry and material properties considered, then no dip in the vertical stress
distribution occurs.
2.6 Concluding Remarks
We have formulated a large deformation three-dimensional elasto-plastic constitu-
tive model for dry granular materials under quasi-static conditions at low pressures.
The model provides a physically-based flow rule corresponding to the widely used
Coulomb-Mohr yield condition. The model includes the effects of elastic deformation
9 Note that in this case we also chose the geometry of the conical die such that the angle between
the die and the rough base plate is slightly higher than the maximum angle of internal friction
0 = 30.00 for the sand; this, together with the evolving friction coefficient, allows for additional
slumping of the sand pile.
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and captures the typical pressure-sensitive and dilatant, hardening/softening response
observed in granular materials.
The constitutive model has been implemented in the finite element program
ABAQUS/Explicit (1998) by writing a user-material subroutine. The program is used
to predict the formation of shear bands in plane strain compression and plane strain
expansion of a cylindrical cavity. Predictions from the computational capability are
in encouraging quantitative agreement with experiments.
Most previous attempts 0 at "explaining" the stress dip have been based on in-
complete constitutive models used to describe the behavior of granular materials. We
have used our constitutive model, as implemented in a finite element program, to
predict the stress state in a static sand pile. We conclude that the cause for the
origin of the dip in the vertical stress distribution observed in our calculations, and
also measured in physical experiments on sand piles formed by entirely different pro-
cessing histories, is the non-homogeneous plastic strain that typically occurs during
the formation of the piles.
10See Savage (1997, 1998) for an exhaustive review.
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Figure 2-5: (a) Schematic of plane strain biaxial compression test. (b) Axial compres-
sive load P versus axial compressive displacement 6. The point S marks the formation
of a fully developed shear band. From Han and Drescher (1993)
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Chapter 3
Shear Localization In A Simulated
Fault Gouge
3.1 Introduction
The mechanical behavior of fault zones has been of great interest in studies of the
mechanics of earthquakes. There is growing evidence that gouges play an important
role in controlling the stability of natural faults. This has motivated considerable
laboratory experimental effort on understanding the frictional behavior of gouge and
gouge-rock systems (e.g, Marone et al. 1990; Logan et al, 1992; Beeler et al., 1996).
These studies show that
1. The generation of gouge during slip of initially bare rock surfaces results in an
increase in frictional resistance.
2. Gouge tends to stabilize slip, relative to slip between bare rock surfaces.
3. Shear localization features develop within the gouge, and these features may
influence the stability of sliding.
Mair and Marone (1999) have recently conducted a series of laboratory double
direct shear tests on a gouge of dry quartz sand. A schematic of their experimental
configuration is shown in Fig. 3-1. By sectioning and polishing the sheared gouge
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layers, they revealed the prominent microstructural features within the gouge. A
cross-section of the undeformed gouge of dry quartz sand used in their studies is
shown in Fig. 3-2a. A cross-section of the gouge after shearing to a large strain,
is shown in Fig. 3-2b. The "shear localization" features which develop within the
gouge are marked with "R" and "B" in this figure. The oblique "R" features are
called "Riedel Shears", and the boundary parallel "B" features are called "Boundary
Shears". Typically, "Riedel Shears" occur in the the early stages of shearing defor-
mation, while the "Boundary Shears" are formed at large shearing displacements.
Marone, Raleigh and Scholz (1990) have previously conducted "shear tests" in an
inclined block configuration schematically shown in Fig. 3-3. Two shearing blocks
are prepared from a steel cylinder, which is cut at 450 to the axis of a steel cylinder.
In these experiments, Marone et al (1990) used Ottawa sand gouge (> 99% quartz)
under water-saturated conditions. Gouge layers were prepared between two shearing
blocks with roughened surfaces. Polyolefin jackets were used to exclude the confining
medium from the gouge layers. After the confining pressure is applied, the gouge lay-
ers were sheared by advancing the axial piston at a set displacement rate. During the
experiment the confining pressure was proportionally decreased during axial loading
to keep the normal pressure applied on the gouge layer constant.
A schematic of the microstructural features of a sheared gouge layer, as reported by
these authors, is reproduced in Fig 3-4. The strain localization patterns are similar
to those reported by Mair and Marone (1999) in the direct shear experiments of
simulated gouge of dry quartz sand.
The purpose of this chapter is to report on the use of our recently developed
elasto-plastic constitutive model for granular materials (Anand and Gu, 1999) to
numerically explore the shearing response of a layer of gouge, for both the direct
shear experiments and the inclined block shear tests. The constitutive model has
been implemented in the finite element program ABAQUS/Explicit (1999). This
program is used to perform finite element simulations for the shearing deformation of
thin gouge layers. Our calculations, shown below, simulate the process of development
of localized deformation patterns in the gouge layer - from the initiation of Riedel
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shear bands to the eventual formation of boundary shear bands.
3.2 Plane Strain Shearing Of A Thin Layer of
Granular Material
3.2.1 Direct-Shear Simulations
The finite element mesh and boundary conditions used in the simulation are selected
to approximate the direct shear experiment of Mair and Marone (1999). The geometry
is idealized to be plane strain. The thickness of the gouge layer to is set to be 2 mm
and a length of 40 mm is used. In the simulations we use the material parameters for
dry Ottawa sand calibrated using the plane strain compression experiments of Han
and Drescher (1993).
The original undeformed mesh is shown in Fig. 3-5a. Referring to this figure, the
nodes on the edge AB are held fixed. The calculation is carried out in two steps
1. In the first step pressure boundary conditions are applied on the edges BC, CD,
and DA. To be consistent with the range of pressures for which the material
parameters were calibrated, we use a confining pressure of 200 kPa on the edge
CD. The pressure on the edges BC and DA is set at a much smaller value of 2
kPa. These pressures are kept constant throughout the simulation.
We note that in the actual experiments of Mair and Marone (1999), the pressures
on the edge CD were substantially higher, in the 25 to 70 MPa range, while the
edges BC and DA were traction free.
2. In the second step the node at C is moved horizontally to the left, with the
nodes along the edge CD are all constrained to have the same horizontal and
vertical displacements as those of node C.
The deformed mesh after a lateral displacement of ~ 1 mm is shown in Fig. 3-5b.
The nominal shear stress versus nominal shear strain curve is shown in Fig. 3-5c. For
later reference, different stages in this curve are marked by numbers in Fig. 3-5c.
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Fig. 3-6 shows contour plots of the shearing rate, -, at different stages of defor-
mation. Our calculations show that in the early stages of horizontal displacement of
Node C, the deformation is homogeneous, however, by stage 1, which is prior to a
peak in the curve of nominal shear stress versus nominal shear strain, Riedel shear
bands have developed. Boundary shear bands are not readily discernable at this
stage, although there are concentrated shearing rates at A and C due to edge effects.
At peak, stage 3, boundary shear bands are discernable near the top and bottom
boundaries of AB and DC, and they arise due to edge effects. After the peak, stage
4, two Riedel shear bands are active and they have merged with the boundary shear
bands. At a late stage of loading, stage 5, the contour plot of the shearing rate shows
that shearing occurs mostly in the boundary shear bands and a single Riedel shear
band.
Fig. 3-7 shows contour plots of shear strain , -y. In these contours the edge effects
are clearly discernable, and at Stage 2 we see two boundary shear bands and the
beginnings of Riedel shear band. The localization patterns at stages 3, 4, and 5
are essentially similar, except that the amount of shearing in the bands increases
with increasing horizontal displacement. The localization patterns at stages 4 and
5 are qualitatively similar to those observed by Mair and Marone (1999) in their
experiments, Fig.3-2. After the peak, the dominant strain localization pattern in the
gouge layer are boundary shears near the top and bottom boundaries of the gouge
layer, connected by an oblique Riedel shear band.
Fig. 3-8 shows the contours of relative density, r1. Due to the shear induced
dilatancy, the relative density distribution evolves with the process of shearing and
shear band formation. The relative density decreases within the shear bands. By
stage 5, the relative density approaches a constant low value in the boundary shear
bands and the dominant Riedel shear band.
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3.2.2 Inclined-Block Shear Simulations
The finite element mesh and boundary conditions used in the simulation are selected
to approximate the inclined block shear experiment of Marone et al (1990). The
geometry is idealized to be plane strain. As before, in the simulations we consider
dry sand, and use the material parameters for dry Ottawa sand calibrated using the
plane strain compression experiments of Han and Drescher (1993).
The original undeformed mesh is shown in Fig. 3-9a. Referring to this figure, the
nodes on the edge AB are held fixed. The calculation is carried out in two steps
1. In the first step pressure boundary conditions are applied on the edges BC,
CD, and DA. To be consistent with the range of pressures for which the mate-
rial parameters were calibrated, a confining pressure of 200 kPa is used in the
simulation. This pressure is kept constant throughout the simulation.
2. In the second step the node at C is moved vertically downwards, with the nodes
along the edge CD all constrained to have the same vertical and horizontal
displacements as those of node C.
The deformed mesh after an axial displacement of ~ 1 mm is shown in Fig. 3-9b. The
axial load versus axial displacement curve is shown in Fig. 3-9c. For later reference,
different stages in the load-displacement curve are marked by arrows and numbers in
Fig. 3-9c.
Fig. 3-10 shows contour plots of the shearing rate, -. Our calculations show that in
the early stages of vertical displacement of Node C, the deformation is homogeneous,
however, by stage 1, which is prior to a peak in the load displacement curve, Riedel
shear bands start to develop. Boundary shear bands are not readily discernable at
this stage. At peak, stage 3, boundary shear bands are discernable near the corners
A and C, and they arise due to edge effects. After the peak, stage 4, only one Riedel
shear band is active and it has merged with the boundary shear bands.
Fig. 3-11 shows contour plots of shear strain, y. In these contours the localization
patterns are a little more diffuse, but are readily discernable at stage 4, after the
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peak. The localization patterns at stage 4 are qualitatively similar to those observed
by Marone and co-workers in their experiments, shown in Fig. 3-2 and Fig. 3-4. After
the peak, the dominant strain localization pattern in the gouge layer are boundary
shears near the top and bottom boundaries of gouge layer, connected by an oblique
Riedel shear band.
Fig. 3-12 shows the contours of relative density, 77. As in the previous calculation,
by stage 4, the relative density approaches a constant value in the boundary shear
band and the dominant Riedel shear band.
Fig. 3-13 shows the contour plot of shearing rate, y, shear strain, -Y, and relative
density, r7, at a late stage, 5, of loading. The contour plot of the shearing rate shows
that shearing occurs mostly in the boundary shear bands and a single Riedel shear
band. The contour plot for the relative density shows that both the Riedel shears
and the boundary shears are less dense than the remaining matrix material.
3.3 Concluding Remarks
Laboratory experiments on simulated fault gouges have shown repeatable strain lo-
calization patterns characterized by "Riedel shears" and "Boundary shears". Using
our constitutive model for granular materials, we have performed plane strain finite
element simulations of shearing of a thin layer of granular material for both the direct
shear, and the inclined block shear configurations. Although differing in some small
details, our numerical simulations for the process of shear localization into Riedel
shears and boundary shears in the direct shear as well as the inclined block shear ge-
ometries, are in good qualitative agreement with the laboratory observations reported
by Mair and Marone (1999), Marone et al (1990), Logan et al (1992), and Beeler et al
(1996). Modulo some edge effects, our simulations qualitatively capture the process
of development of strain localization in the gouge layers, from the initiation of Riedel
shears to the formation of boundary shears.
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Figure 3-1: Schematic diagram of the double direct shear test of a simulated gouge
(Mair and Marone,1999)
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Figure 3-2: Photograph of the microstructures of a simulated gouge of dry quartz
sand sheared in a direct shear test. (a) Undeformed gouge of quartz sand; (b) Gouge
after shearing to large strain. In this figure, B represents the "Boundary shear bands",
R represents the "Riedel shear bands" (Courtesy Marone,1999)
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Figure 3-3: Cross section of the sample column used for the shear test of a simulated
fault gouge. The gouge layer with 4 mm height and 50 mm length is sheared within
angled steel blocks. Ridges were machined on the steel surfaces, perpendicular to slip
direction. From Marone et al (1990).
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Figure 3-5: Results from numerical simulation of direct shear of a thin layer of gran-
ular materials: (a) Undeformed finite element mesh. (b) Deformed finite element
mesh. (c) The nominal shear stress versus nominal shear strain curve predicted by
the constitutive model, arrows on this curve mark different stages of deformation.
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Figure 3-9: Results from numerical simulation of plane strain shear of a thin layer of
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mesh. (c) The load-displacement curve predicted by the constitutive model, arrows
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Chapter 4
Constitutive Model For Metal
powders
4.1 Introduction
A number of constitutive models for the cold compaction of metal powders have
been proposed over the past three decades, and the literature on the subject is vast;
for recent reviews, see Watson and Wert (1993), Brown and Abou-Chedid (1994),
Fleck (1995), and Akisanya et al. (1997). The experimental results of Watson and
Wert (1993) and Brown and Abou-Chedid (1993, 1994) suggest that one may bor-
row ideas for constitutive modeling from the soil mechanics literature to construct
suitable phenomenological constitutive models which capture the major features of
the response of initially loose metal powders to the complex deformation processing
histories encountered in the manufacture of engineering components by powder met-
allurgy techniques. In particular they suggest that a "two-mechanism-model", for
example the Drucker-Prager/Cap type model (Drucker et al., 1952, 1957) which is
widely used to model geological materials which exhibit pressure dependent yield,
may also be useful for modeling the response of powder metals.
91
Such models employ two yield surfaces1 : a "distortion surface", e.g. Drucker-
Prager type yield surface, and a "consolidation surface", or a cap yield surface.
Typically, one uses a non-associated flow rule with the distortion surface 2 , and an
associated or normality flow rule with the consolidation surface (ABAQUS, 1999).
Figure 4-1 shows a schematic of a Mohr-Coulomb type distortion surface, and an
elliptical cap type consolidation surface, plotted in principal stress space.
In this chapter we develop such a "two-mechanism" rate-independent constitutive
model for describing the isothermal deformation behavior of metal powders at low
homologous temperatures. For the distortion mechanism we will modify the constitu-
tive model for cohesionless granular materials recently developed by Anand and Gu
(1999) to include the important effects of cohesion that develop during processing of
metal powders. The model employs a pressure-sensitive, Mohr-Coulomb type yield
condition, a new physically based non-associated flow rule, together with appropriate
evolution equations for the internal variables in the model. For the consolidation
mechanism we shall employ a smooth function of the mean-normal pressure and the
equivalent shear stress, and in accordance with previous work in the literature, we
shall use an associated flow rule for the consolidation mechanism. There are some
classical numerical issues concerning which mechanism is active, and the amount of
plastic flow associated with each mechanism when the stress state is at vertex formed
by the intersecting yield surfaces. Here, we shall use the method developed by Anand
and Kothari (1996) for dealing with similar issues in rate-independent crystal plas-
ticity. We have implemented the constitutive model in the finite element program
ABAQUS/Explicit (1999) by writing a user-material subroutine.
The material parameters in the constitutive model are calibrated for MH-100
iron powder3 by fitting the model to reproduce data from true triaxial compression
'The terminology "distortion surface" and "consolidation surface" is not quite precise, since there
is some distortion associated with the consolidation surface, and some de-consolidation associated
with the distortion surface. However, for the sake of brevity and ease of nomenclature, we shall
continue to use this terminology in this thesis.
2 Since an associated flow rule for for such a surface over-predicts the volumetric response.
3In industrial practice lubricants, such as zinc-stearate, are added to powder metals for ease of
processing. However, the data considered here was generated on dry MH-iron powder procured from
Hoeganaes Corporation of New Jersey.
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experiments, torsion ring-shear experiments, and simple compression experiments.
We note that this fitting procedure requires numerical simulation of the experiments,
because experiments on powder materials are notoriously difficult, and typically result
in non-homogeneous deformations.
Using our constitutive model and computational capability, we simulate two pow-
der forming processes: (i) a simple, but well-controlled uniaxial strain compression of
a cylindrical sample, and (ii) forming of a conical component which is used in shaped-
charges by the oil-drilling industry. In both cases the predicted load-displacement
curves are shown to compare well with experimental measurements. A comparison
of the predicted density variation in the final components shows that such variations
are also reasonably well-predicted by the computational capability.
The plan of the chapter is as follows. In Section 2 we briefly describe a two-surface
rate-independent constitutive model; in this section we also describe our specialization
of such a model to represent the response of metal powders. In Section 3 we provide
the results of our fitting procedures to determine the material parameters in our
constitutive model for MH-100 iron powder. In Section 4 we provide partial validation
of our constitutive model and computational procedures by comparing results from
our simulations against results from experiments not used in the material parameter
determination. We close in Section 5 with some final remarks.
4.2 Constitutive Model
We shall use notation which is now common in modern continuum mechanics (e.g.,
Gurtin, 1981). In particular, the inner product of two vectors u and v will be denoted
by u - v. The tensor product of two vectors u and v will be denoted by u 0 v; it
is the tensor which assigns to each vector w the vector (v - w) u. The symmetric
and skew parts of a second rank tensor S are denoted by symS = (1/2)(S + ST) and
skwS = (1/2)(S - ST), respectively. The inner product of two tensors S and T is
defined by S - T = trace (STT).
Let T denote the symmetric Cauchy stress. For later use, we note that T has the
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spectral representation
9161 061 + U262 0 62 + 9363 0 63 if o 1 > 2 > r 3 ,
161 (0 1 + Or3 (1 - 610e 11) if -1 > O-2 = 3,
u633 e 3 -+ (1 - 3 96 3 ) if 9 1  U 2 > J 3 ,
a- 1 if -1 = O 3,
where {I i = 1, 2, 3} are the principal stresses, and {61i = 1, 2, 3} are the principal
directions of stress. We employ the usual sign convention of continuum mechanics
that tensile stress components are positive, and assume that the principal stresses
{oiIi = 1, 2, 3} are strictly ordered such that o- > 9 2 > 9 3 . Also, for later use, let
1 1
t -- tr T, -/ -T'-T', (4.2)3 2
respectively, denote the mean normal pressure and equivalent shear stress, with T' =
T + pI denoting the stress deviator.
4.2.1 Two-surface Constitutive Model
We begin with a reasonably general formulation for a rate-independent elasto-plastic
constitutive model for metal powders in which the elastic domain is defined by two
convex yield surfaces intersecting in a non-smooth fashion.
Constitutive equation for stress:
Let D = sym L and W = skw L denote stretching and spin, respectively, and let
T 7 ='t - W T + T W (4.3)
denote the Jaumann time-derivative of the Cauchy stress. Then, for the typically
small elastic stretches observed in powder materials, the evolution equation for T is
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taken as
TV = C [D - DP], (4.4)
where C is a fourth order elasticity tensor, which is possibly dependent on the stress
T and the relative density rj,
C = C (T, r), with r= p/ps, (4.5)
where p is the mass density of the granular material, and ps is the mass density of
solid granules 4 . The plastic stretching tensor DP will be given by the flow rule, which
is considered below.
Yield Conditions:
The plastic flow of metal powders at the macroscopic level is assumed to be rep-
resentable as a combination of two mechanisms: a "distortion mechanism", which is
dominated by inter-particle sliding at the microstructural level, and a "consolidation
mechanism" which is dominated at the microstructural level by the deformation of
particles themselves, with little or no relative sliding between the particles. The yield
condition for each mechanism is written as
,JD(C) (T), ) < 0, a = 1, 2, k = 1, ... , K(a), (4.6)
where, henceforth, we identify the index a = 1 with the distortion mechanism, and
the index a = 2 with the consolidation mechanism. The yield function for the a-
th mechanism is taken to depend on the stress T, and a list of K() scalar internal
variables s ().
4We shall use the relative density r7 to describe the denseness of a granular material, rather than
the void ratio e = 1 - r-1 , which is often used in soil mechanics.
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The surface (a) - 0 denotes the a-th yield surface in stress space, and
N =c)  (4.7)
aT
denotes the outward normal to this surface at the current stress point.
Flow rule:
This is an equation for the plastic stretching DP. It is taken to be representable
as a sum of the contributions from each mechanism:
2 2
DP = DP (a) = E ) M(a)I, () > 0, (a)4(a) = 0, (4.8)
a=1 a=1
where DPl - i(M() is the contribution to the plastic stretching from the distortion
mechanism, and D(2) - (2)M(2 ) is the contribution to the plastic stretching from
the consolidation mechanism. If i('a) < 0, or if p(a) = 0 and a trial stress rate C [D]
points to the interior side of the yield surface, that is if NCa) - C [D] < 0, then the
a-th mechanism is inactive and y(Q) = 0, whereas a mechanism is potentially active,
that is (ce) > 0, if j(a) = 0 and N(a) . C [D] > 0:
- f 0 if 1(a) < 0, or if V') = 0 and N() -C [D] < 0 ()
0 if V(c) = 0 and N()- C [D] > 0
We denote by PA the set of potentially active mechanisms. Of the potentially active
mechanisms the mechanisms for which the plastic deformation rates (a) are actually
non-zero are the active mechanisms, and we denote the set of active mechanisms by
A.
Evolution equations for the internal variables sk):
These are given by the set of ordinary differential equations
2
a) = Ih1): (), a = 1, 2, k = 1, ... , Ka), (4.10)
#3=1
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where h"3) are the hardening moduli which describe the rate of change of the internal
variable associated with the a-th mechanism, due to activity on the /-mechanism.
Consistency Condition:
During plastic flow, an active mechanism must satisfy
(a),(a) - 0, when <1(a) = 0. (4.11)
The consistency condition serves to determine the plastic deformation rates (a) when
plastic flow occurs. Now,
2
N(a) - TV - h(ami(O,
/#=1
= k~(~~
where (4.12)
(4.13)
Using equations (4.4) and (4.8) in (4.12) we obtain
4(N) (a) -C M(O] + h } i( (4.14)C [D] - EJN(p)
#=1
For an active mechanism A(a) > 0, and the consistency condition (4.11) requires
$(') = 0. Thus, for the evolution equations for the state variables (T,
"consistent", equation (4.14) gives:
Aa xO = b, a E A,
A = N(a). C [M(P)I + h(aO)
b= Nce) C [D] > 0,
O I (O) > 0.
s () to be
(4.15)
(4.16)
(4.17)
(4.18)
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with
Equation (4.15) is a system of linear equations for xO = (O) > 0.
If only one mechanism is potentially active, then the mechanism is active, and the
solution to (4.15) is straightforward.
However, if both mechanisms are potentially active, then we do not in general
know the elements of the set A. These are determined as follows. First, we extend
the equations in (4.15) to
S A"1 x3 = b , a PA, (4.19)
/3EPA
and solve this linear system of equations Ax = b for the vector x, looking for elements
x3 = (O) > 0. If for any mechanism the solution x3 = (3) < 0, then this mechanism
is inactive, we remove it from our list of potentially active mechanisms, redefine our
reduced system Ax = b, and solve it for the remaining xO = (O) > 0.
The linear system (4.19) is solved using the method outlined by Anand and
Kothari (1996) for rate-independent crystal plasticity. Let A+ denote the the pseu-
doinverse of A. If A is nonsingular, then it is invertible with inverse A = A+,
and Ax = b has one and only one solution x A+b = A- 1 b. However, if A is sin-
gular, then there is no unique solution to Ax = b. However, the solution given by
x+ = A+b, is unique, and it possesses the important characteristic that amongst all x
which satisfy Ax = b it has the smallest length: x+1 (XTX)1/ 2 = min. Whenever,
both mechanisms are potentially active, we adopt x+ as our solution to the the linear
problem (4.19) in the procedure outlined above to determine the active mechanisms
and the corresponding plastic deformation rates ,(O) > 0.
This completes a discussion of the general structure of our constitutive model,
and the procedure that we shall use to determine the active mechanisms and the
corresponding plastic deformation rates. We now specialize the constitutive functions
in the model, for applications.
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4.2.2 Specialization Of The Two-Surface Constitutive Model
Constitutive equation for stress:
TV = C [D - DP].
We take C to be isotropic:
2
C = 2G1+ (K - -G)ioi, G = (T, 7 ), K= k(T, 7 ), (4.20)3
where G and K are the shear modulus and bulk modulus. Henceforth, for simplicity,
we take G and K to depend only on the relative density q, and to be independent
of the stress. The relative density is related to the volume fraction f of voids in the
material by
f = 1- 7.
If we treat a granular material as a two-phase composite, then two simple estimates
for G and K may be obtained by using (i) the well-known Hashin-Shtrikman bounds
(1963), or (ii) the self-consistent method (Budiansky, 1970).
Let subscripts 1 and 2 denote the moduli for the matrix and voids, respectively,
while subscripts U and L denote the upper and lower bounds on the elastic moduli
(G, K) for the powder material. The well-known Hashin-Shtrikman upper and lower
bounds, which are valid when each phase is homogeneous and isotropic, and for any
phase geometry which gives isotropic properties to the composite as a whole, are
based on equations
f (K 1 - K 2)(K 2 + K*) , 4(K 1 + K*) - f(K 1 - K 2)' U 3 '
KLK 2 + f (K 1 - K 2)(K 2 + Kf*) , 4GK =2K = -G1 (4.22)
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f ( 1 -G 2 )(G 2 +G*) ,* G 2(9K 2 + 8G 2 )Gu =G2 + U G = (4.23)(C1 + G) - f (G1 - G 2 )' u 6(K2 + 2G 2 ) (
L 2 + f (G 1 - G2)(G 2 + G*) C* G 1 (9K 1 + 8G 1 )( 1 + G*) - f (G1 - G 2 )' 6(KI + 2G 1 ) '
whenever K1 > K2, and G1 > G 2.
According to the "self-consistent method" for elastic properties of an isotropically
voided material (Budiansky, 1970), the overall shear modulus G and bulk modulus
K can be solved from the following equations
f [1 - a]- + (1 - f)[1 - a + a(K1/K)]-1 = 1, (4.25)
f [1 - b] 1 + (1 - f)[1 - b + b(G 1/K)]- = 1, (4.26)
with
a= 1 +v) 2 4 - 5v) 3K - 2G (4.27)
3 1 - v ' 15 1 - v ' (6K + 2G '
where K1 and G1 are the elastic moduli of the matrix material.
Yield condition for the distortion mechanism:
Following Anand and Gu (1999), the yield condition governing the distortion
mechanism is taken to be a generalized Mohr-Coulomb yield condition 5
) {T - s(-)} < 0, (4.28)
T = mn - Tn' and - = -n' - Tn' are resolved shear stress and normal stress on
preferred slip systems. Each slip system is defined by a pair of orthonormal vectors
(m('), n(')) with n(') denoting the normal to the slip plane, and m(') denoting the slip
direction, all defined with respect to the principal directions of stress. The potential
'In the paper of Anand and Gu, following the classical Mohr-Coulomb yield condition, the func-
tion s(o-) was taken as linear in a-:
s(c-)=c+p-, p-=tan 4,
where c is the cohesion, pi is the internal friction coefficient, and # is the angle of internal friction.
100
slip systems are chosen such that the yield function <(') is a maximum. This results
in
1.
T = - sin(2 )(a1 - 3 ) > 0,2
1
+ U3 ) + - cos(2) (a1 -93),2
with <$ = arctan [L, and - = dsAda
(4.29)
(4.30)
(4.31)
Thus one of the potential slip systems is given by
m() = cos (8 1 + sin (8 3 , n(i) = sin 1 - cos (8 3 ,
and, we may write
T =S - T,
a- -V -T,
S sym (m(1) 0 n(l)) =
V (n(') & n()) = sin 2
1
sin(2 ) {1 & ei - 83(0 3} -
1g cos(2 ){1 ( 63 + e 3 0e 1})
(4.34)
& 61 + cos2 3 ®e 3 -
1I sin(2 )
2 {11 ( 83 + 63 0 1} -
(4.35)
With this, the yield condition (4.28) may be written as
)(1) = {S -T - s(-V - T)} < 0,
using which we obtain
N ) = {S + fLV} + {term involving change in principal stress directions}.
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a - 1
2
where
(4.32)
(4.33)
( = + , I
S= + ,
In our numerical implementation of our model we shall use an explicit time-integration
procedure for the constitutive equations, and for such an implementation we shall
neglect the term involving change in principal stress directions, and use the approxi-
mation
N() = {S + V}. (4.36)
Also, for the high pressure situation expected in powder forming, we shall take
the function s(-) to be the following non-linear function of o-:
s(U) = c + s* {tanh ) , (4.37)
c = (r. (4.38)
The parameter c, is the cohesion which we take to depend on the current value of the
relative density r. For applications, we propose to use the following specific simple
form for the dependence of the cohesion c on 77:
Ar ,77m) if r > rm.
C { (- ) (4.39)
0, if 'q < rqm
That is, we assume that the cohesion vanishes if r/ is less than a minimum value rqm,
and at higher values of r the dependence of c on r7 is a power-law form with A and
m material parameters, to be determined from experiments.
Note that
s(o-) -+c+ u- as a-40, and s(-) -+ c+s* as ---+oo.
Thus the parameter p measures the pressure-sensitivity of yield at low pressures -,
and (c + s*) measures the shear strength of the powder aggregate at large pressures.
In this specialization, there are three internal variables associated with the yield
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function 410):
( = (1) = *S 1C 82 8
Also for this case, from (4.31) we have
cosh ( L,)
and < = arctan [L.
Flow rule for the distortion mechanism:
Following Anand and Gu (1999), we take the contribution to the plastic stretching
tensor from the distortion mechanism as6
DP (1) = (') M(), 7
lIP + 3 N
|1 P + (N1 '
50 > 0, <b1) < 0,)
(4.42)
(4.43)
(4.44)
(4.45)
where 0 is a dilatancy parameter which we take to evolve as the parameter y1 evolves:
# = hp (/t - pec) , (4.46)
with ho and p, material constants. Note that this constitutive function for # has
the character
0 -+ 0, as yu -4 p.
Thus, using the classical terminology in soil mechanics, we call pc, the value of p in
the constant volume state.
The specific forms of the tensors P and N depend on whether the eigenvalues
6 For the details of the flow rule for the distortion mechanism, please refer chapter 2.
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s(1) = .83 /. (4.40)
At=
(4.41)
50M <bG() = 0, )
{1, o-2 , 0~3 } of the T are distinct, or otherwise:
Case (i), oU1 > -2 > 0-3:
P = (1/2) sin(2 ) {ei 0 61 - 6 3 06 3}
N= {sin2 1 & 1 + cos 2 63 (0 3}
(4.47)
(4.48)
> -2 = U 3 :
P = (1/2) sin(2() {i 0 1 - (1/2) (1 - 1 & 61)}
N =(1/2) {sin 2 61 0g1 +(1/2) cos2 ( (1 - 61 0 6i)}
Case (iii), U1 = -2 > O3:
P = (1/2) sin(2() {(1/2) (1 - e3 0 6 3 ) - 63 0 3}
N = (1/2) {(1/2) sin 2 (1 - 63 0 63) + cos2  63 0 63}
where, from (4.31), we recall that
(4.49)
(4.50)
(4.51)
(4.52)
(4.53)0= arctan j.
Evolution equations for the internal variables in the distortion mechanism:
Recall that there are three internal variables associated with the yield function
(1) c (1) *Si =C, ~2 s(1)=53 J1
Evolution equation for c:
ac9From (4.39), the evolution equation for the cohesion is c = TI. Now, from
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Case (ii), o-i
7r + ,
balance of mass, the relative density Ti evolves according to
S= - 7 tr DP = - T {/()tr M(1 ) + -(2) tr M(2 }
6 = -r tr M(1)
rm 1(1-7m)
(1) + {-172 tr M (2)1%9 rM77 where
+ A m r?(- n
(1- nm))
with initial value
Evolution equation for s*:
This variable is taken to be constant,
s* = constant - * = 0.
Evolution equation for M:
We assume that yt increases/decreases as the material hardens/softens by redistri-
bution of contacts between particles during the course of deformation. The evolution
of p is modeled phenomenologically by
y = h5'), p(O) = po,
h = h, (I -
{=tcv + b(77 -T icr)q
PtS =
sign (I -
(4.59)
(4.60)
(4.61)
if T7 > Ticr,
if T i 7 Tcr.
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Thus
n(O) = r/o. (4.54)
ac
a77
(4.55)
(4.56)
(r T rm)
c(O) = (I Tim)'
0,)
if TIo > rim,
if Tio TI.-
(4.57)
(4.58)
with initial value
d (no - n.)', if no > n,(4621-to =(4.62)
0, if no < 7 m.
The hardening modulus h is positive when 1 < p, it is negative when y > ps,
and the quantity [t, depends on the value of the relative density 2j with respect to
a critical value qr. If initially 2o < ncr and po < pC, then the friction coefficient
pu increases until it reaches a value pc,. When o > lcr, the coupled nature of the
evolution equations will give a peak in the friction coefficient p versus shear strain
7() curve in monotonic shearing.
Yield condition for the consolidation mechanism
The yield function governing the consolidation mechanism is usually taken to be
a function 7 of the mean normal pressure fi and equivalent shear stress t (e.g., Shima
and Oyane, 1976; Brown and Abou-Chedid, 1994):
((2) ( (i,s2) < 0, k = 1, ... ().
Here, we use a yield function which has a quarter-elliptical shape in the (p, -)-plane
with center at (2, and axes of length (2) and (M ):
j) 
- < 0, for p> -, with (4.63)
Pc = pc(2), M = constant. (4.64)
The state variables associated with the yield function D(2) are Pc and M. The yield
surface D(2) = 0 intersects the P-axis at pc. Thus Pc measures the resistance to
hydrostatic consolidation; as usual, we take Pc to depend upon the current value of
7 Any dependence on the third invariant of the stress is neglected.
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relative density q. The parameter M in (4.63) controls the length of the axis of
the quarter-elliptical consolidation surface in the -r-direction. We emphasize that the
consolidation surface j(2) = 0 is defined only for pressures P > pc/2. At pressures
j 5 pc/ 2 only the distortion mechanism may be activated.
Motivated by the micro-mechanical models of Ashby and co-workers (Helle et al.,
1985) we shall employ the following specific from for the dependence of Pc on q:
Bn'i , - if 'q > 7m ,
PC =17M -(4.65)
0 if q < 77m.
That is, the dependence of the hydrostatic consolidation resistance Pc on q is a power-
law form with B and n material parameters, to be determined from experiments.
Note that we have set qm as the minimum value of the relative density for which the
cohesion c, the initial value of the internal friction coefficient po, and also pc vanish.
Flow rule for the consolidation mechanism
In accordance with common practice in the literature, the flow rule for the consol-
idation mechanism is taken to be an associated/normality flow rule. With this, the
contribution to the plastic stretching tensor from the consolidation mechanism is
D2) 2) M(2), (4.66)
M()- ((2) ag (2) T' ) + a,(2)M()))=y- =-J, (4.67)
aT a-r ) 2-r aP 3 '
a4)(2)t (4.68)
at M2 (p 2 + ()2'M2 2
S2) 2 p - PC
p,!_ 2p+, )2 (4.69)
2 2
Evolution equations for internal variables in the consolidation mechanism:
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There are two internal variables associated with the yield function 410):
s (2) = (2) = M.S1 PC) 2 (4.70)
Evolution equation for PC:
From (4.65), the evolution equation for the hydrostatic consolidation resistance is
c = O I*. The relative density r7 evolves according to (4.54); hence
19rq
c {-r] B0Pc tr M(1)} ( + - Pc trM() 12),
BPC r {n 1 + B nr(n-1)(-m)
a? (1 - m) (1- n)
where (4.71)
(4.72)
with initial value
n -0 rOM
PC (0) = 77 n 7m
0
if rO > nm,
if 70 <; r7m7
(4.73)
Evolution equation for M:
This variable is taken to be constant
M = constant - M = 0. (4.74)
Before closing our discussion of the constitutive model, we record the specific
forms of the hardening moduli h(') which appear in the linear system of equations
(4.15) used to determine the values of (0). Recall that in the general two-surface
formulation we defined the evolution equations for the internal variables as
2
(a) "C OI =1 , a = 1, 2, k = 1, - - (a)
#=1
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where MOO) are the hardening moduli which describe the rate of change of the internal
variable associated with the a-th mechanism, due to activity on the /-mechanism.
Also, in the consistency equation we introduced the quantities
h~a3) KO') 7 a,3
- S k
k=1 k
For the special yield function () and evolution equation for the internal variables
8 c (1) = S s (1) = p,
considered here,
It(ll= {?7 y9Ctr MM
Ill) = 0 12) = 0 I -= h, I12) 0,3 7 3
tanh (2? p8 cosh 2
c-
cosh ( U
tr M()} +
tr M(2) .
o h
cosh 2 (2?)'
For the special yield function ((2) and evolution equation for the internal variables
(2) Pc, s (1) = M.
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ac
I12) = -
and
tr M(2)}
as(1)
Hence
Oc
-7 -h(1= {
h( = - c
(4.75)
(4.76)
3@C
considered here,
-7P c tr M()19,
2 0
I2 =0
I2={) -e tr M(2)1O t
[ + (pc/ 2 )
(- )2 + )2j
a (2)
81b
(22 Oa(2)h2 8s1 {
-r1 ap tr M(')OrM
_ ape tr M(2 )
a77
,}
4.3 Material Parameters For Iron Powder
The material parameters in our constitutive model are:
1. Elastic moduli (G, K) in equation (4.20).
2. Consolidation Mechanism:
(a) Parameters {B, n, 17m} in equation (4.65) for pc which measures the resis-
tance to hydrostatic consolidation.
(b) Parameter {M} in equation (4.63) which controls the height of the axis of
the quarter-elliptical consolidation surface.
3. Distortion Mechanism:
(a) Parameters {A, m, 17m} which appear in equation (4.39) for the cohesion.
(b) Parameter s* in the yield condition (4.37).
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h21
I =
I(1 =0,
and
1
Hence
(4.77)
(4.78)
;F 2/M 3
2 2
(c) Parameters {h/, p, p, b, q, 7 l crrm, d, r} which appear in equations (4.59,
4.60, 4.61, 4.62) for the evolution of the internal friction coefficient.
(d) Parameter {h,} which appears in equation (4.46) for the dilatancy param-
eter.
In this section we describe our efforts at determining these material parameters
for dry MH-100 iron powder. Figure 4-2 shows a scanning electron micrograph of the
powder. The irregular particles tend to deform and interlock during cold compaction.
At the outset, we wish to emphasize that our estimates for the parameters associ-
ated with the consolidation mechanism are better than those for the distortion mech-
anism. For determining the material parameters for the consolidation mechanism
we use data obtained from experiments conducted with a high-pressure true-triaxial
apparatus developed by Abou-Chedid and Brown (1993, 1994). For determining the
material parameters for the distortion mechanism we use data obtained from exper-
iments conducted with a torsion ring-shear apparatus developed by Kim (1999), as
well as by using data obtained from simple compression experiments on unsintered
compacts with different initial relative densities. The material parameters for the dis-
tortion mechanism were calibrated by fitting the model to approximately reproduce
the data from the simple compression experiments. Since such experiments on pow-
der materials typically result in non-homogeneous deformations, the fitting procedure
requires numerical simulation of the experiments.
4.3.1 Elastic Moduli
Recall that the dependence of the elastic moduli (G, K) of powder materials on the
relative density 77 may be estimated by using (i) the Hashin-Shtrikman bounds, or
(ii) the self-consistent method. Using standard values for the elastic moduli for the
iron matrix, G1 = 0.33 x 104 MPa and K, = 0.67 x 104 MPa , the Hashin-Shtrikman
upper and lower bounds may be calculated using equations (21) through (24), and the
self-consistent estimates for the elastic moduli may be calculated using equations (25)
through (27). From these calculations we can obtain the bounds and estimates for
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the Young's modulus E as a function of the relative density q by using the standard
relation E = (9 K G)/(3K + G). These estimates for E for iron powder are shown in
Figure 4-3.
Brown and Weber (1988) have experimentally determined the Young's modulus
of unsintered and sintered compacts of MH-100 iron powder as a function of relative
density, q. They fit their data for E versus 77 to the following equation
E = E exp(E 2't), with E1 = 698 MPa and E2 = 5.62, (4.79)
where E1 and E 2 are material constants. They also found that the Poisson's ratio of
the MH-100 iron powder was approximately constant v = 0.3. Figure 4-3 also shows
the experimental data as well the curve-fit of Brown and Weber (1988).
The self-consistent method gives a reasonably good estimate for the elastic moduli
of MH-100 powder for the entire range of relative density 1 = 50% - 100%. However,
since we have the experimental data from Brown and Weber (1988), in this paper
we shall use the phenomenological model of E versus q of equation (4.79) with a
Poisson's ratio of v = 0.3 in our calculations.
4.3.2 Material Parameters For The Consolidation Mecha-
nism
True triaxial experiments were conducted on the MH-100 iron powder in the apparatus
developed by Abou-Chedid and Brown (1993, 1994). The design of this apparatus
is based on a similar apparatus developed by Shima and Mimura (1986). Figure 4-
4 shows a schematic top view of the apparatus. During an experiment, powder is
poured into the cubical cavity created by the blocks. Block 1 and block 2 are angled
sliding-blocks sitting on the corresponding angled guiding-blocks. When the top block
(not shown) moves downward in the 3-direction, sliding blocks 1 and 2 move inward
in the 1-direction and 2-direction, respectively, and the powder in the initially cubical
cavity is compressed in three orthogonal directions. The amount of compression in
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each of the lateral directions can be controlled by changing the angles of the sliding
and guiding angled blocks. The main feature of the apparatus is its ability to load
proportionally along different strain paths. Let {Ci, 62, 63} denote the absolute values
of the true strains in the three directions, and let
E (61 + 62 + E3),
- 62)2 + (62 - 63)2 + (E - 61)21,
respectively, denote the volumetric strain and deviatoric strain. A plot of propor-
tional strain paths attainable in the apparatus with the available angled blocks is
shown in Figure 4-5. The notation xo/yo denotes the angles of the blocks in the 1-
and 2-directions, respectively. For example, a 450/450 arrangement would result in
hydrostatic compaction with only e,.
Prior to conducting an experiment, the cell cavity is coated with a thin layer of
vinyl spray to prevent the leaking of any powder. Also, in order to minimize the
friction between the powder and the blocks, the inner walls of the cubical cell are
coated with teflon powder spray. The apparatus is placed on the loading platform of
a servo-hydraulic testing machine with an axial loading capacity of 1260 kN. Axial
displacement in the 3-direction is applied to the triaxial cell via a top loading block,
and the corresponding axial displacement is locally measured by an LVDT. The dis-
placements of angled blocks in the 1- and 2-directions are simultaneously measured
using two other displacement sensors. Three pressure sensors, mounted on the three
faces of the loading blocks, measure the local compressive reaction pressures on each
face of the parallelepiped compact during loading. The stress state in the cell is as-
sumed to be homogeneous with negligible shear stresses. The absolute values of the
normal stresses measured by the pressure sensors are taken to be principal stresses
experienced by the powder during compaction, and denoted by {U-, 0-2, 0 3 }.
In our experiments, the initially cubical cavity was filled with 50 grams of MH-
100 iron powder. In order to ensure the reproducibility of the initial conditions, the
powder was pluviated from the same height for each individual test. This amount of
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iron powder in the initial volume of the cell corresponds to an initial relative density
of
mO ~ 0.42.
The measured normal strains {i, 62, 63} and normal stresses {i, O 2, 0 3 } are recorded
in each experiment, these are shown in Figure 4-6 for the different angled block
arrangements. For example, Figure 4-6a shows the experimental results with the
450/450 angled block arrangement.This results in almost identical strains in all three
directions; the corresponding stress versus strain curves in each direction are also
almost identical. Thus, the 450/450 angled block arrangement corresponds to an
approximate hydrostatic compression test. Figure 4-6d shows the stress versus the
strain curves for the experiment with a 700/30' angled block arrangement. In this
case, the stress-strain curves in the three directions are all different from each other,
and a true triaxial stress state is achieved. Figure 4-6b and Figure 4-6c illustrate the
stress versus strain curves of the experiments with 300/300 and 70'/701 angled block
arrangements, respectively. Since ideally the strains in the 1- and 2- direction are the
same, this should result in a stress state with two identical principal stresses. However,
the 30'/30' angled block arrangement shows discrepancy between the stress-strain
curves in the 1 and 2 directions. This may possibly be attributed to (i) imperfection
of the die cavity from an initial cubical shape which might have resulted from any
initial misalignment and misfit of the blocks; or (ii) a small rotation of the base block
at high pressures. These are some limitations of our apparatus.
Since the triaxial compression tests are displacement controlled, the volume of
the powder compressed in the initially cubical cavity is accurately known at every
displacement increment. Thus, since the initial mass of powder poured into the
cubical cavity is known, the relative density q is easily calculated at any displacement
increment. At each value of n obtained from the different angled block experiments,
the corresponding values of {- 1, U2, cr3} are used to calculate the mean normal pressure
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p and the effective shear stress t:
1
- (o- + 0-2 + U3 )3
T 1 {(U1 - r2 ) 2 + (G-2 - U3 )2 + (-3 - U-)2)
By using all of the stress-strain curves obtained from the different angled block ar-
rangements, values of (p, F) at a few different values of q are plotted in Figure 4-7.
Curves fit through the iso-density points are taken to represent the consolidation yield
surface for a given relative density. The solid lines shown in this figure are curves
represented by the yield function D(2) given in (4.63), with the shape parameter
M = 1.2,
and the function for pc given by (4.65) with
B = 50OMPa, n = 2.84, rm = 0.45.
The fit of pc versus q is shown in Figure 4-8; the data in this curve are obtained from
the p versus 77 data obtained from the 450/450 block arrangement8 .
Numerical Simulation Of True-Triaxial Compression Experiments
As noted previously, we have implemented our constitutive model in the finite
element program ABAQUS/Explicit (1999) by writing a user-material subroutine.
For the deformation histories associated with the true-triaxial experiments only the
consolidation mechanism is activated. Using the elastic moduli and the material
parameters for the consolidation mechanism for MH-100 iron powder we have carried
out numerical simulations of the true-triaxial tests on MH-100 iron powder. The
simulations are carried out by subjecting a single ABAQUS-C3D8R three dimensional
element to different principal stretchings D11 , D 22 , D33 acting on sides normal to the
8 Ideally, the 450/450 block arrangement should result in a pure hydrostatic stress state, with
no shear stress ;. However, as is clear from Figure 4-7, this not quite the case. We attribute this
discrepancy to minor misalignment problems with the apparatus.
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1, 2 and 3 directions. The relative values of the applied stretchings corresponding to
the different combinations of angled blocks are shown in the table below:
Dil D 22  D 33
450/450 -1.0 -1.0 -1.0
300/300 -1.732 -1.732 -1.0
700/700 -0.364 -0.364 -1.0
700/300 -0.364 -1.732 -1.0
700/450 -0.364 -1.0 -1.0
300/450 -1.732 -1.0 -1.0
Figure 4-9 shows the comparison between the calculated and measured stress-strain
curves for the different deformation rate histories. The numerical results for all the
different triaxial loading paths are in very good agreement with the experiments.
4.3.3 Material Parameters For The Distortion Mechanism
The material parameters for the distortion mechanism are those associated with the
internal variables c, s*, and p with the yield function D(l), and the dilatancy parameter
# in the flow rule. We have found it difficult to devise critical experiments in which
these quantities and their evolution may be independently measured. However, it
is reasonably easy to conduct experiments in which the distortion mechanism is the
dominant active mechanism. Even in such experiments the deformations quickly
become non-homogeneous, and one has to resort to complete numerical simulations
of such experiments and judiciously adjust the material parameters in the assumed
constitutive functions so as to reproduce the major features of the overall macroscopic
response measured in the experiments. Such curve-fitting procedures can clearly
lead to only approximate estimates for the material parameters associated with these
highly coupled constitutive functions for c, s*, p and 3. The two sets of experiments
that we have used here to estimate the values for these parameters are torsion ring-
shear experiments and simple compression experiments; these experiments are briefly
described below.
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Torsion Ring-Shear Experiments:
A torsion ring-shear apparatus developed by Kim (1999) was used to study the
shear response of MH-100 metal powder under high pressures. A schematic of the
apparatus (not to scale) is shown in Fig. 4-10a, and Fig. 4-10b shows a photograph
of the assembled apparatus. In this apparatus a thin hollow cylindrical specimen of
the powder of inner and outer diameters of 63.50 mm and 69.85 mm, respectively, is
confined between two floating concentric confining rings, and two annular punches.
One of the annular punches is fixed, and the other can be displaced in the axial
direction as well as twisted about its axis to subject the powder specimen to various
combinations of axial compression and twist. The surfaces of the annular punches
which contact the powder are roughened by knurling; the roughened surfaces help
to grip the powder specimen during the compression-shear tests. The solid confining
rings are coated with teflon powder spray to minimize the friction between the powder
specimen and the confining rings during the experiments. The torsion ring-shear
apparatus is designed to be gripped in a compression-torsion servo-hydraulic testing
machine. The machine that we used has an axial load capacity of 50,000 lbf and a
torque capacity of 20,000 lbf-in. With the dimensions of the ring that we have used,
the apparatus is capable of subjecting powder samples to normal and shear stresses
up to maximum values of e 350 MPa and _ 100 MPa, respectively.
In our experiments, ring specimens of MH-100 iron powder were prepared by
uniformly pluviating 5 grams of the powder from the same height into the annular
cavity. This resulted in ring-shaped specimens with an initial height of _ 2 mm.
The powder rings were first compressed by applying a desired normal load F, and
the corresponding axial displacement of the punch was measured. This allows us to
determine the relative density q of the ring prior to any shearing of the specimen.
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After the axial compression, the compacted powder ring was sheared by rotating
the actuator under constant rotation-rate control while keeping the axial normal load
F constant9 . The rotation 6 and torque T were measured by using a rotation sensor
and the torsion load cell. The average normal stress, oa, and shear stress T acting on
the ring specimen are calculated by using the expressions
F 3T
7r(r2 - r2)' 27r(r2 - r2)'(
where r1 and r2 are the inner and outer radius of the ring specimen. The shear stress
in the "thin-walled" ring is assumed to be approximately constant at this nominal
value across the radius of the ring specimen. The sliding distance in shear, 6, is
evaluated using the measured rotation 0 in degrees by using
6 = 7 rm, where rm = (r, + r 2 )/2. (4.81)180
One set of experiments were performed in which the ring specimens were first
axially compressed under normal pressures of 25 MPa, 50 MPa, and 75 MPa, to dif-
ferent initial relative densities of 0.51, 0.565 and 0.59, respectively, and the compressed
powder rings are then sheared while keeping the corresponding normal pressures con-
stant. Fig. 4-11a shows shear stress T versus sliding distance 6 curves obtained from
the torsional portion of these experiments.
Another set of experiments were performed in which a powder ring specimen was
first axially compressed under a normal pressure of 50 MPa to a relative density
of 0.565. The consolidated MH-100 powder is then sheared under different normal
pressures of 12.5 MPa, 25 MPa, 37.5 MPa and 50 MPa. Fig. 4-12 shows shear
stress T versus sliding distance 6 curves obtained from the torsional portion of these
experiments.
In both sets of torsion ring-shear experiments, the nominal shear stress starts
9 We attempted to determine the axial displacement of the actuator during-shearing so as to get
measurements of volume changes during-shearing, but were unsuccessful in getting reliable measure-
ments of the minute displacements.
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from zero and go through a peak before decreasing to a substantially lower "residual
T
strength" at large shearing displacements. Let Inom = T denote the nominal friction
Un
coefficient. Fig. 4-11b and Fig. 4-12b show plots of pnom versus 6 obtained from
the two sets of experiments. The peak and residual values for btnom in both sets of
compression-torsion experiments are
Inom, peak , 0.8, pnom, residual - 0.45.
Simple Compression Experiments:
Cylindrical specimens with a diameter of 25.4 mm and heights of ~ 15 mm were
formed in a uniaxial strain compaction apparatus to five different relative densities
ranging from 17 = 60.4% to 71 = 85.0%. Figure 4-13a shows one such specimen. Un-
confined simple compression experiments were then performed on these specimens.
To minimize frictional effects between the compacted powder specimens and the com-
pression platens, the ends of the specimens were lubricated. Figure 4-13b shows a
crushed specimen after an experiment. Fig. 4-13c shows the plots of the absolute
values the compressive stress and strain, prior to the catastrophic load drops ob-
served in the experiments. Each stress-strain curve exhibits three typical stages. The
non-linear behavior at the beginning of a stress-strain curve may be attributed to
settling error in the experiment. Strains in the second, linear stage are approximately
recoverable, and this response may be modeled as elastic. We shall assume that the
inelastic deformation observed in the third non-linear stage of simple compression is
due only to the distortion mechanism.
Estimate of the dependence of the cohesion c on the relative density q:
Recall from equations (4.29, 4.30, 4.31) that in the distortion yield function 4I> =
{T - s(-)} the resolved shear stress T and the normal stress - on active slip systems
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is given by
1
T = - sin(2 )(- - o3) ;> 0,2
- = -1 + -3 ) + - cos(2 )(a- - -3),2 2
(rrqf ds
- - with q=arctanf, and L= ,
where, in our specialization, the function s(c-) is taken to be
s() = c + s* tanh (), c = a(n).
For the relatively low stresses encountered in simple compression we may use the
approximation
s(-) ~_ c+ p a, p = tan.
Then, since the stress state in simple compression is {- 1 = U2 = 0, 9 3 < 0}, the re-
solved shear and normal stress on active slip systems in simple compression are
1 1
T = -- 3cos , U- - 3 (1 - sin#).2 2
Substituting these expressions for T and a into r = c + a tan q, which must hold
during plastic flow, we obtain
C 1 931 - sin (482c = -3 ~ . (4.82)2 cos J
Note from Fig. 4-13c that the maximum absolute values of the axial stress for the sim-
ple compression specimens with different initial relative densities are quite different.
The different maximum axial stresses indicate the significantly different values of the
cohesion in the specimens. We are seeking to determine this functional dependence of
the cohesion on the relative density, a(7). To do this we make two additional approxi-
mative assumptions: (a) For the small shearing strains involved in simple compression
from the onset of inelastic deformation to the peak in the compressive stress-strain
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curves, the relative density T for a specimen is only negligibly different from the ini-
tial relative density. (b) The value of the angle of internal friction at the peak of
the compressive stress-strain curve is q$ a tan- 1 ([nom,peak), where pnom,peak e 0.8 is
the peak value of the nominal friction coefficient measured in the compression-torsion
experiments. Using these approximations, the data for IU3 Ipeak for each specimen and
equation (4.82), we calculate c for each specimen with a known initial relative density.
These data are plotted in Fig. 4-14. The solid curve shown in this figure is the fit of
our proposed functional form for (T):
Aq. ,, q- if 'q > 'qm-c = (1 -im)
ifC rim
0, ifT< TM,
with
A = 110 MPa, m = 3.0, 7m = 0.45.
Estimate For The Parameter s*:
From s(-) = c + s* tanh ,and c = Amm we note that
* (-m)
lim lim s((-) = A + s*.
rqj+l a-+oo
This limit corresponds to the yield strength in shear of solid iron at large strains.
Kothari (1998) provides data for the flow strength of solid iron in simple compres-
sion. Using an average compressive flow strength of approximately 420 MPa, the flow
strength in shear is approximately 210 MPa. Thus, using the value A = 110 MPa and
this estimate for the shear flow strength, we obtain
s* e 100 MPa.
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Estimate Of The Material Parameters In The Evolution Equation For p:
First, we provide an estimate of the dependence of the initial value of the friction
coefficient po, on the initial value of the relative density no. Now, equation (4.82) holds
during plastic flow in simple compression. Having just determined the dependence
of c on 7, we may substitute the value of Io3 at the onset of plastic flow, say o, in
(4.82), and thereby determine the initial value of q, say 0o, for a simple compression
specimen of a given initial relative density no. This gives po = tan 0 at a given go.
Operationally, the yield strengths ao in the simple compression tests are calculated
by first fitting a straight line through the linear part of the stress strain curves, and
then employing a 0.2% offset criteria.
Fig. 4-15 shows the dependence of po on o for the compacted cylinders of different
initial relative densities. Recall our proposed functional form:
d (no - nm) , if 7O > m,
Po
0, if 70 < n"m.
The solid line in Fig. 4-15 is the fit of this expression to the (sparse) data using
Tim = 0.45, d = 0.9, r = 0.3.
Fig. 4-16 shows a plot of the shear resistance T for MH-100 iron powder as function
of the normal stress in the range 0 < a < 300 MPa and initial relative relative densities
in the range 0.45 < o < 0.9, as determined by the yield condition for the distortion
mechanism,
T = c + s* {tanh ( ,Io) C = An& no - %i , o = d (no -TI.)' ,
s (1-7m)
using the material parameters determined above.
Next, in order to determine the material parameters in the evolution equation
for p, see equations (4.59, 4.60, 4.61), we have performed finite element simulations
of the simple compression experiments, and adjusted the values of the parameters
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{ hIL, p, b, q} so as to reasonably reproduce the plastic parts of the stress-strain curves
obtained in the simple compression experiments. For I,, in (4.46) and (4.61), we use
the estimate
Ac A Inom, residual = 0.45,
that is, the value of the nominal friction coefficient obtained from the residual strengths
in the compression-torsion experiments. Also, for the dilatancy equation (4.46) the
parameter hfj is taken to have a value
h3 = 1.0.
The simple compression experiments were modeled using a finite element mesh
consisting of 625 ABAQUS-CAX4R axisymmetric elements sandwiched between two
rigid surfaces, Figure 4-17a. The lower rigid surface was held fixed, while the up-
per rigid surface was displaced vertically downwards. The small interface friction
between the lubricated platens and specimens was modeled using a Coulomb friction
model with a value of 0.02 for interface friction coefficient. We have carried out the
simulations for each of the five different specimens with initial relative densities of
710 = 0.604, 0.696, 0.766, 0.813, 0.85.
The values of the material parameters in the the evolution of the internal friction
coefficient [# were adjusted to obtain the curve-fits shown in Figure4-17b. These fits
were obtained by using
h. = 200, p = 1.88, b = 0.7, q = 0.2.
The measured stress versus plastic strain behavior in simple compression of specimens
with different initial relative density are reasonably well reproduced by our plasticity
model. We emphasize that the numbers for these material parameters are non-unique.
We have insufficient experimental data to make a precise independent determination
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for each parameter. In particular we expect that pc, should have a value between
0.45 and 0.52; however, for convenience, we have set c = Am = 0.45. Also, we
note that our model attributes the response only to the operation of the plastic
distortion mechanism. However, for the actual specimens other mechanisms such as
micro-fracture and axial-splitting may also have some contributions to the observed
response of the compacted specimens in simple compression.
Figure 4-18a shows the contour plots of shear strain, -y(l), and Figure 4-18b shows
the contour plots of relative density q, at three different stages of deformation, marked
by arrows on the stress-strain curve shown in Figure 4-17b. Our calculations show that
in the early stages of simple compression, the deformation is homogeneous. However,
by stage 1, which is just prior to the peak in the curve of axial stress versus axial
plastic strain, shear bands are beginning to develop. After the peak, at stages 2 and 3,
the shear bands are more discernable and most of the deformation is accommodated
in the shear bands. The shear localization results in significant reduction of relative
density inside the shear bands. Thus, the inter-particle cohesion decreases in the
localization zones, and according to our model, it is these zones of low cohesion
which finally lead to crushing failure of the specimen in simple compression.
Simulation Of Torsion Ring-Shear Experiments:
Here, using the material parameters determined in the previous sections, we
present results of numerical simulations which approximate the second stage of the
compression-torsion ring-shear experiments. That is, we focus only on the shearing
process, and the consolidation of the specimen during the initial axial compression
phase is not considered. During such an experiment, a circumferential shearing dis-
placement is applied to one face of a ring-shaped specimen, while keeping the opposite
face fixed, and maintaining a constant normal pressure. The radial displacement is
constrained to be zero by the rigid confining rings.
For computational simplicity, we have modeled a torsion ring-shear experiment as
a two-dimensional plane strain shearing experiment. We use 2000 ABAQUS-CPE4R
plane-strain elements to model a thin layer of metal powder. An initial relative density
of qo = 0.565 was specified for all the elements at the beginning of the simulation.
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The material parameters in the constitutive model are the same as those used in the
previous simulations of simple compression.
Referring to Fig.4-19a, the nodes on the edge AB are held fixed throughout the
calculation, and the horizontal displacements of nodes on the edges BC and AD are
constrained to have the same values. The calculation is carried out in two steps:
1. In the first step a normal pressure of 37.5 MPa is applied on edge CD. This
pressure is kept constant throughout the simulation.
2. In the second step the node at C is moved horizontally to the left, with the
nodes along the edge CD all constrained to have the same horizontal and vertical
displacements as those of node C.
Fig. 4-19b shows the resulting nominal shear stress versus sliding distance curve. For
later reference, four different stages in the load-displacement curve are marked by
arrows and numbers in Fig. 4-19b.
Fig. 4-20 shows contour plots of the shearing rate, 1). Our calculations show
that in the early stages of horizontal displacement of node C, the deformation is
homogeneous. However, by stage 1, which is just prior to the peak in the shear stress
versus shear displacement curve, shear bands inclined to the macroscopic shearing
direction are pervasive through the thickness of the layer of powder. At peak, stage
2, some shear bands which are parallel to the shearing boundary are discernable near
the corners; they arise due to edge effects. After the peak, stage 3 and stage 4, a shear
band parallel to the top shearing boundary is dominant; most of the deformation is
accommodated within this boundary parallel shear band.
Fig. 4-21 shows contour plots of relative density, q. The variation of the relative
density is caused by shear localization and the shear-induced dilatancy. The relative
density is significantly lower in the shear bands. By stage 4, the relative density in
the shear bands has decreased from 170 = 0.565 to a low value of 77 = 0.45 in the
dominant boundary-parallel shear band.
Fig. 4-19b shows the the nominal shear stress versus sliding distance curve for
three other values of a,. On comparing this figure with Fig. 4-12a, we note that
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although the peak and residual values of the nominal shear stress are reasonably
well-captured by our constitutive model for the distortion mechanism, the drop in
the shear stress from its peak value occurs much more quickly than what is observed
in the experiments.
Much remains to be done to perform more accurate ring compression-torsion ex-
periments and explore the richness of the information that may be gleaned from these
inherently complex experiments which invariably exhibit complex non-homogeneous
deformations with evolving shear localization patterns. Also, our estimates for the
constitutive parameters associated with the distortion mechanism are just that -
estimates. The procedure that we have outlined is only one suggested method for
determining/estimating the material parameters in a complex model. There is sub-
stantial room for developing improved methods to obtain better estimates for these
parameters.
In summary, the values of the material parameters in our constitutive model for
MH-100 iron are:
1. Elasticity parameters {E 1 , E2 } in equation (4.79) and Poisson's ratio v:
E1 = 698 MPa, E2 = 5.62, v = 0.3.
2. Consolidation Mechanism:
(a) Parameters {B, n, r7m} in equation (4.65) for pc:
B = 500MPa, n = 2.84, rm = 0.45.
(b) Parameter {M} in equation (4.63):
M = 1.2.
3. Distortion Mechanism:
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(a) Parameters {A, m, rim} which appear in equation (4.39) for the cohesion:
A = 110 MPa, m = 3.0,,qm = 0.45.
(b) Parameter s* in the yield condition (4.37):
s* = 100 MPa.
(c) Parameters {h, p, Acv, b, q, rcr, d, r} which appear in equations (4.59, 4.60,
4.61, 4.62) for the evolution of the internal friction coefficient:
h1 = 2 0 0 , p = 1.88, pc, = 0.45, b = 0.7,
q = 0.2, qc, = 0.45, rm = 0.45, d = 0.9, r = 0.3.
(d) Parameter {ho} which appears in equation (4.46) for the dilatancy param-
eter:
ho = 1.0.
4.4 Application To Powder Forming Processes
In a major class of forming processes, metal powders are first cold compacted and then
sintered to obtain complex-shaped components with high relative densities. Such pro-
cesses are used to manufacture numerous components for automobiles, aircrafts, and
many consumer products. One of the major concerns in the powder metallurgy indus-
try are non-uniform density distributions in the components after the cold compaction
stage, because this could potentially result in shape distortions during sintering, and
of course final products with undesirable non-uniform properties. The development
of non-uniform density distributions after cold compaction is a consequence of the
inherent response of the metal powders to complex deformation histories, as well as
due to interface frictional effects between the powder and the walls of the forming
dies.
In this section we shall use our constitutive model and computational procedures
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to simulate two powder forming processes: (i) a well-controlled uniaxial strain com-
pression of a cylindrical sample, and (ii) forming of a conical component which is
used in shaped-charges by the oil-drilling industry. The predicted load-displacement
curves and the final density distributions for each simulation are compared against
results from corresponding experiments performed on MH-100 iron powder.
4.4.1 Uniaxial Strain Compression Of A Cylindrical Sample
The uniaxial strain compression experiment was performed in an apparatus designed
and fabricated by Abou-Chedid (1993). The apparatus consists of a cylindrical die
with upper and lower punches (all made from hardened A2 tool steel) which compact
the powder within a cylindrical test volume. A schematic of the apparatus is shown
in Fig. 4-22. The thick-walled cylindrical die has an inner diameter of 25.4 mm, and
an outer diameter of 177.8 mm. The 225 kN axial loading capacity of our servo-
hydraulic testing machine is capable of producing a maximum axial stress of 450
MPa on a 25.4 mm diameter powder specimen. An LVDT monitors the displacement
of the upper punch during uniaxial compaction. The axial load acting on the top face
of the powder specimen is measured by the load-cell of the testing machine; since the
cross-sectional area is constant, this also gives us a measure of the the axial stress.
In addition, the apparatus is equipped with two pressure sensors, one located at the
base of the cylindrical cavity in the lower punch and another located in the die-wall;
these sensors measure the axial and radial pressures at the locations schematically
shown in Fig. 4-22a. Typically, measured values of the axial pressures acting on the
top and bottom faces of powder specimens are different because of frictional forces
that arise between the powder and the side-walls of the cylindrical die.
A cylindrical sample of powder with an initial height of 60 mm was formed in
this uniaxial strain apparatus. The initial relative density of the loose powder is
=o  0.42. In order to create significant sidewall friction forces, the interface between
the powder and the inner wall of the die is not lubricated. This, together with the
rather-tall initial height for the powder cylinder, gives rise to a significant effect of
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the interface friction on the density distribution of the final compacted configuration
of the specimen. In our calculations, the specimen is modeled using 144 ABAQUS
CAX4R axisymmetric elements, and the punch and the die are modeled as rigid
surfaces, Fig. 4-22b. The material parameters for the MH-100 iron powder that we
have used in our simulations have been summarized in the previous section. The
interface friction characteristics between the MH-100 iron powder and polished but
unlubricated tool-steel surfaces have been measured by Kim (1999); he reports a value
of _ 0.37 for an interface Coulomb friction coefficient. We shall use this information
in our finite element simulation.
Fig. 4-23 shows the measured compressive force on the top punch versus the
axial displacement of the punch during the experiment. The corresponding numerical
result predicted by the constitutive model, also shown in this figure, is in very good
agreement with the experimental measurement.
The numerical calculations show that a uniform normal compressive stress applied
to the upper face of the sample in uniaxial compaction, is not transmitted uniformly
throughout the compact; instead, the normal and radial stress distributions through-
out the compact are quite complex. Fig. 4-24 shows the compressive axial and radial
stresses, measured at the locations schematically shown in Fig. 4-22a, versus the
compressive axial logarithmic strain. Again, the numerical predictions are in good
quantitative agreement with the experiment. It is often assumed that the ratio of the
radial stress to the axial stress is uniform and constant in uniaxial strain experiments.
Our results clearly show that this ratio is not a constant but evolves significantly dur-
ing uniaxial compaction. Our constitutive model rather nicely captures the measured
evolution of both the axial and radial stresses during uniaxial compression.
Fig. 4-25 shows a plot of the calculated strains -y(1) and y2) versus the axial punch
stroke, at two different locations in the specimen, one near the top right corner (A)
and one near the bottom of the specimen (B). At point A, both the distortion and
consolidation mechanisms are active at the very earlier stages, with the consolidation
mechanism dominating at the later stages of compaction. At point B, both mecha-
nisms start to be active after punch stroke reaches ~ 2.5 mm, and the consolidation
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mechanism dominates at the later stage of compaction.
Fig. 4-26a shows a contour plot of the relative density q at the end of the simula-
tion. The density varies from a low value of r- ~ 0.75 to a high value of r ~ 0.95. The
highest density is found at the top of the cylinder, and the lowest density is near the
bottom. This is because the bottom of the specimen sees a lower compaction pressure
due to the presence of the wall friction. The density variation within the compact is
quite significant.
In order to obtain a comparison of the density distribution predicted by the model
versus that which is obtained in the experiment, the compacted cylindrical sample
was vertically sectioned into 11 discs, as shown schematically in Fig.4-26b, and the
average density of each disc was measured. From the values of the density at the
integration points in elements comprising identically positioned layers in the final
deformed geometry, the numerically predicted average density was also calculated.
Fig. 4-26b shows the comparison between the measured and the predicted density
profiles. The comparison shows very good agreement between the numerical predic-
tion and the experimental measurement.
4.4.2 Forming Of A Conical Shaped-Charge Liner
Shaped-charges are extensively used for military purposes as well as in the civilian
oil and steel sectors for geophysical prospecting, mining, and quarrying. A typical
shaped-charge configuration is shown in figure 4-27a. When the detonator is fired,
the detonation wave propagates through the explosive. The liner is subjected to an
intense pressure when the detonation front reaches the liner, and it then begins to
collapse into a high-speed, high-energy jet.
Most liners used in the civilian sector have a conical shape, and are often made
from a mixture of different metallic powders. A conical liner was pressed from our MH-
100 iron powder for us by Dr. M. Kothari of Schlumberger Research in a laboratory
press. A schematic of the dies used for the forming is shown in Fig. 4-27b. A
measured amount ~ 30 gram of powder is poured into the lower conical die, and
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carefully leveled. The upper conical punch is brought into contact with the powder,
and then moved downwards under constant load-rate control to compress the powder
in the die. The upper punch is stopped when the axial load reaches 450 kN. The
pressed conical liner is shown in Fig. 4-27c. Fig. 4-28 shows the measured axial load
on the upper punch versus its displacement; data from two experiments are reported.
Note that the experimental information at low pressures is not shown because the
pressures were measured from hydraulic line pressures, and the data at low pressures
is negligibly low and inaccurate.
Due to the symmetry of loading and geometry, only one half of the axisymmetric
geometry is modeled, Fig. 4-29. We have used 1326 ABAQUS-CAX4R axisymmetric
elements to model the powder. The die and upper punch were modeled as rigid
surfaces. The material parameters for the MH-100 iron powder that we have used in
our simulations have been summarized in the previous section. The interface friction
characteristics between the MH-100 iron powder and die are unknown. We have used
a value of ~ 0.1 for an interface Coulomb friction coefficient in our finite element
simulations.
Fig. 4-28 also shows the numerically predicted force on the upper punch versus
its displacement. Arrows on the load-displacement curve mark different stages of the
forming process. The axial load is very low from the beginning to stage 2, after which
it starts to increase very rapidly.
Fig. 4-30 shows the evolution of the deformed shape and density contours at
different stages of the compaction. At stage 1, the upper conical punch is indenting
the initially loose powder, the powder is not significantly constrained by the tooling,
and the punch force is very low. At stage 2, the powder is just beginning to fill up
the cavity of the die. Densification of the powder occurs mostly from stage 2 to stage
6, and this is the cause of the rapid increase in the punch force.
Fig. 4-31 shows the velocity field at stages 2, 3, 4, and 6 of the compaction. From
stage 1 to stage 3, part of the powder flows parallel to the conical rigid surface to
fill up the die, while the powder at the bottom essentially does not move. After the
powder fills up the die at stage 4, the powder undergoes compaction as seen from the
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velocity plots of stage 4 and stage 6.
Fig. 4-32 shows a plot of the strains y() and 7(2) versus the upper punch stroke, at
two different points, one near the top of the specimen (A) and another near the bottom
of the specimen (B). The strains -(1) and y(2) are accumulated by the activation of
the distortion and consolidation mechanisms, respectively. At point A, the distortion
mechanism dominates the earlier stages of compaction, with compaction mechanism
dominating the later stages after the powder fills up the die. At point B near the
bottom of the die, neither mechanism is activated in the earlier stages of compaction.
The compaction mechanism is the dominating mechanism after the powder fills up
the die. This result clearly shows that the deformation of powder at different points
in the powder mass is governed by different mechanisms during complex forming
processes.
Fig. 4-33a shows the contour plot of the relative density q at the end of simulation.
The density varies from a high value of r- - 0.88 under the tip of of the conical punch,
to a low value of q _ 0.7 at the very edge of the base of the cone. The density
distribution is highly non-uniform.
The compacted conical sample was vertically sectioned into 10 layers, as shown
schematically in Fig. 4-33b. Each layer is sectioned into smaller pieces in order to
fit into a small pycnometer to measure the volume of the sample, and the density of
the small pieces is then measured by a standard pcynometry method. The density
of each layer is the average of the measured density for the smaller pieces sectioned
from the corresponding layer. From the values of the density at the integration points
in elements comprising identically positioned layers in the final deformed geometry,
the numerically predicted average density was also calculated. Fig. 4-33b shows the
comparison between the measured and the predicted density profiles. The compar-
ison shows reasonably good agreement between the numerical prediction and the
experimental measurement.
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4.5 Concluding Remarks
We have formulated a new isothermal, rate-independent constitutive model for metal
powders at low homologous temperatures. The plastic flow of metal powders at the
macroscopic level is assumed to be representable as a combination of two mecha-
nisms: a "distortion mechanism", which is dominated by inter-particle sliding at
the microstructural level, and a "consolidation mechanism" which is dominated at
the microstructural level by the deformation of particles themselves, with little or
no relative sliding between the particles. For the distortion mechanism the model
employs a pressure-sensitive, Mohr-Coulomb type yield condition, and a new physi-
cally based non-associated flow rule. For the consolidation mechanism we have em-
ployed a smooth yield function which has a quarter-elliptical shape in the mean-
normal pressure and the equivalent shear stress plane, together with an associated
flow rule. We have implemented the constitutive model in the finite element program
ABAQUS/Explicit (1999) by writing a user-material subroutine.
The material parameters in the constitutive model have been calibrated for MH-
100 iron powder by fitting the model to reproduce data from true triaxial compression
experiments, torsion ring-shear experiments, and simple compression experiments.
Using our constitutive model and computational capability, we have simulated two
powder forming processes: (i) a uniaxial strain compression of a cylindrical sample,
and (ii) forming of a conical shaped-charge liner. In both cases the predicted load-
displacement curves and density variations in the compacted specimens are shown to
compare well with corresponding experimental measurements.
The main advantage of the "two-mechanism" elasto-plastic model, as compared
with most other models which employ a single quadratic yield surface and a normality
flow rule, is that the flow of metal powders at low pressures can be more accurately
modeled. The important effects of the variation of internal friction coefficient, cohe-
sion, and shear-induced dilatancy are included, and hence the model has the potential
to provide a more accurate representation of complex powder forming process, from
the loose inital state to the final compacted configurations with high relative densities.
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Although the distortion mechanism is necessary for describing the mechanical be-
havior of metal powders in the low pressure range, in most practical powder forming
processes the powder undergoes large deformations, and for such applications it may
be of less importance to model the initial transient effects associated with the vari-
ation of the internal friction coefficient and the shear-induced dilatancy parameter
which occur at small deformations. Thus, in the spirit of the fully developed flow
idealization of soil mechanics, it may be possible under certain circumstances to sim-
plify our model and assume that for the distortion mechanism the internal friction
coefficient is a constant and that there is no shear induced dilatancy:
p = cv, / =30.
In what follows, we examine the outcome of making these simplifying assumptions on
the capability of our model to predict the macroscopic loads and density distributions
for the two verification problems that we have considered in the previous section.
We note that with this simplification, the procedure for estimation of the material
parameters for the distortion mechanism is considerably simplified. The simplified
procedure would be to
1. Conduct a torsion ring-shear experiment to obtain the nominal peak and resid-
ual friction coefficients {pnom,peak, ipnom,residuaI}, and set
P ~ Acv P Inom,residual-
2. Conduct simple compression experiments on pre-compacted specimens with dif-
ferent initial relative density, and as outlined in Section 3, use the maximum
compressive strength for each specimen with different initial relative density
and the peak nominal friction coefficient Inom,peak to obtain the parameters
{A, m, lm} which appear in equation (4.39) for the dependence of cohesion c on
relative density 77.
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3. As before, estimate the value of s* in s(-) = c + s* {tanh , from
s* I flow strength of solid metal in shear - A.
Note also, that for the consolidation mechanism it is possible to get very good es-
timates for pc and M by conducting only two experiments and following the simplified
procedure outlined below:
1. Conduct a hydrostatic consolidation experiment, such as in a a true-triaxial
compression experiment with 450/450 angled block arrangement, to obtain the
dependence of resistance to hydrostatic consolidation pc on relative density r.
2. Conduct a homogeneous uniaxial strain compression experiment to measure
the axial stress a-, and radial stress ar,. A homogeneous uniaxial compression
can be approximately achieved by lubricating the inner-wall of the cylinder to
minimize the effects of die-wall friction, and using a "short" specimen with
initial aspect ratio of H/D - 1 : 1. Then, adjust the material parameter M
in the consolidation yield function to fit the measured stress-strain curves for
both the axial stress and the radial stress. Fig. 4-34 shows the result of such a
procedure which yields a value of M = 1.2 for MH-100 iron powder.
The values of the material parameters in the simplified "two-mechanism" consti-
tutive model for MH-100 iron powder are summarized below:
1. Elasticity parameters10 {El, E2 } in equation (4.79) and Poisson's ratio v: E1 =
698 MPa, E2 = 5.62, v = 0.3.
2. Consolidation Mechanism:
(a) Parameters {B, n, Tm} in equation (4.65) for pc: B = 500MPa, n = 2.84, rim
0.45.
10We have previously noted in Section 3 that "self-consistent" method (Budiansky, 1970) gives
fairly good estimation for the elasticity of metal powders if experimental data are not available.
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(b) Parameter {M} in equation (4.63): M = 1.2.
3. Distortion Mechanism:
(a) Parameters {A, m, 77m} which appear in equation (4.39) for the cohesion:
A = 120 MPa, m = 3.0, rm = 0.45.
(b) Parameter s* in the yield condition (4.37): s* = 100 MPa.
(c) Internal friction coefficient: p = IL, = 0.45.
(d) Parameter {h,} which appears in equation (4.46) for the dilatancy param-
eter: h, = 0.0.
The simplified model is first used to predict the uniaxial strain compression of a
tall cylindrical powder sample with significant die-wall friction, details of which have
been given in the previous section. The results are shown in Fig. 4-35 to Fig. 4-
37. Not surprisingly, since the consolidation mechanism dominates in uniaxial strain
compression, the simplified model predicts almost identical results as those obtained
by use of the full model.
Next, the simplified model is used to simulate the forming of the conical shaped-
charge liner. The load-displacement curve predicted by the simplified model, Fig. 4-
38, is very close to that obtained in the previous calculation. Also, the density
contours in the final deformed configuration predicted by the simplified model, Fig. 4-
39, are qualitatively very similar similar to those obtained in the previous section by
using the full model. Although the maximum density predicted by the simplified
model is slightly lower than that predicted by the full model, the density distribution
is still fairly well captured.
In conclusion, the simplified "two-mechanism" model which uses the fully de-
veloped flow assumption for the distortion mechanism, provides a useful first model
for the simulation and design of powder forming processes. The simplified model
is attractive since it requires only a few simple experiments to obtain the material
parameters in the constitutive model. However, it is important to note that the
simplified model may not be accurate for predicting localization phenomena and as-
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sociated strong density gradients which may occur during forming operations when
sharp angled dies are used 1.
"We have previously shown that the evolution of the internal friction coefficient, and shear-
induced dilatancy are very important for capturing shear localization phenomena in dry sands at
small deformations (Anand and Gu, 1999).
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Distortion Surface
a3
Consolidation Surface
Figure 4-1: Schematic of a Mohr-Coulomb type distortion surface, and an elliptical
cap type consolidation surface in principal stress space.
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Figure 4-2: A scanning electron micrograph of loose MH-100 iron powder.
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Figure 4-3: Comparison between the experimental results of Brown and Weber (1988)
and theoretical predictions of (a) the Hashin-Shtrikman upper and lower bounds, (b)
the self-consistent method (SCM) for the overall Young's modulus E of MH-100 iron
powder.
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Figure 4-4: Schematic of the true-triaxial compression apparatus.
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Figure 4-5: Strain paths achievable in the true-triaxial compression experiments.
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Figure 4-12: Torsion ring-shear experiment on MH-100 iron powder:
shear stress versus sliding distance.
(a) Nominal
(b) Nominal friction coefficient versus sliding
distance.
151
451-
t9
Cz
- $0,0c ay=50 MPa
\ y=50->37.5 MPa
A y=50->25 MPa
S0=50->12.5 MPa
0
00 0 000
13 oooooooaoooooooooooooooooc
(
C
II
0
4
U
z
50
50
y =50 MPa
(a =50->37.5 MPa
( a=50->25 MPa
(y=50->12.5 MPa
5 oo400
I -
9 -066. 000
U
0
(a) (b)
250
200-
9 54 * n=85.0%
6 ii=81.3%
t A i-i=76.6%
0 =69.6%
2 100 o q=60.4%
50-
0 5 10 15
True Strain [%]
(c)
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Figure 4-15: Variation of the initial internal friction coefficient, po, of unsintered
compacts of MH-100 iron powder. Note that po = 0 for r < 0.45.
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Figure 4-17: (a) Initial axisymmetric model for simple comrpession. (b) Result of
axial stress versus axial plastic strain from numerical simulation of simple compression
of unsintered compacts.
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Figure 4-18: Numerical results of simple compression of specimen with 'rm = 0.85:
Contour plots of the strain -y(l), and the relative density r, at three different stages
of loading.
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Figure 4-19: Numerical results from the two dimensional model of the torsion ring-
shear experiments: (a) Undeformed finite element mesh. (b) The nominal shear
stress versus sliding distance curves predicted by the constitutive model, arrows on
this curve mark different stages of deformation.
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Figure 4-20: Numerical results from the two dimensional model of a torsion ring-
shear experiment: Contour plots of the shearing rate, (l), at different stages of
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Figure 4-21: Numerical results from the two dimensional model of a torsion ring-shear
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Figure 4-22: (a) Schematic of the uniaxial strain compression experiment. (b) Initial
axisymmetric finite element mesh axisymmetric and boundary conditions.
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Figure 4-23: Comparison of the numerical prediction against the measured punch
force versus punch stroke in uniaxial strain compression of a cylindrical sample.
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Figure 4-24: Comparison of the numerical predictions against the measured stress-
strain curves for the uniaxial strain compression of a cylindrical sample.
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Figure 4-25: Evolution of the strains of -/(l) and y2) for the "distortion mechanism"
and "consolidation mechanism", respectively, at two different points, one near the
top corner of the specimen (A) and one near the bottom of the specimen (B).
164
+7 . 47E-01 
Upper Punch
+7.66E-01
+7. 84E-01
+8. 02E-01
+8.21E-01
+8.39E-01
+8 . 57E-01
+8. 76E-01
(a) +8. 94E-01
+9. 13E-01
+9. 31E-01
+9. 49E-01
0.9 -
o0. Experiment
-- Simulation
0.85-
Upper Punch
(b) o 0.8-
0.75-
0.7 '
0 5 10 15 20 25 30
Height [mm]
Figure 4-26: (a) Contour plots of the relative density r7 in the cylindrical sample
(The axi-symmetric geometry is reflected for ease of visualization). (b) Comparison
between numerical prediction and experimental measurement of variation of average
value of 77 along vertical axis.
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Figure 4-27: (a) Schematic of a shaped charge. (b) Schematic of the process to form
a conical shaped-charge liner from iron powder. (c) Photograph of a conical shaped-
charge liner compacted from MH-100 iron powder (Courtesy of Dr. M. Kothari,
1999).
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Figure 4-28: Punch force versus punch stroke measured and computed during forming
of a shaped-charge liner made from MH-100 powder.
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Figure 4-29: Initial axisymmetric finite element mesh and boundary conditions for
forming of a conical shaped-charge liner.
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Figure 4-30: Contour plots of the relative density r7 in the conical liner at different
stages of the forming process. The different stages are indicated by the arrows in
Fig. 4-28. The axi-symmetric geometry is revolved 1800 for ease of visualization.
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Figure 4-32: Evolution of the strains of y() and 2) for the active "distortion mecha-
nism" and "consolidation mechanism", respectively, at two different points, one near
the top of the specimen (A) and one near the bottom of the specimen (B).
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Figure 4-33: (a) Contour plots of the relative density r7 of the liner. (b) Comparison
between the numerical prediction and the experimental measurement of variation of
an average value of q; along the vertical axis.
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Figure 4-34: Stress-strain curves for the uniaxial strain compression of a "short"
cylindrical sample (Ho/D ~ 1 : 1). It is noted that the axial stress a-, at the top and
bottom is identical for "short" specimen in a well-lubricated cylinder.
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Figure 4-35: Comparison of the numerical prediction by the full model and the sim-
plified model against the measured punch force versus punch stroke uniaxial strain
compression of a cylindrical sample.
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Figure 4-36: Comparison of the numerical predictions by the full model and the sim-
plified model against the measured stress-strain curves in uniaxial strain compression
of a cylindrical sample.
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Figure 4-37: Comparison of the density distribution in the cylindrical sample pre-
dicted by (a) the full model and (b) the simplified model with fully developed flow
assumption.
176
500-
450-
400-
350-
300 -
b250 -
200 F
150
100
50
01
0 5 10
Upper Punch Stroke
15
[mm]
20
Figure 4-38: Comparison of the punch force versus punch stroke measured and com-
puted during forming of a shaped-charge liner made from MH-100 powder by using
the full model and the simplified model.
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Figure 4-39: Comparison of the numerical predictions of the contour plots of the
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(b) the simplified model with fully developed flow assumption..
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Appendix A
Density Measurement Of Powder
Compact
Relative density is one of the most important properties in determining the mechanical
behavior of metal powders and powder compacts. The density may vary from location
to location in a powder compact. The density distribution measurement for powder
metallurgy (P/M) components is a classic problem. The bulk density is easy to
measure, but not the local density. The local density can be determined by a variety
of methods. The major techniques used to determine the density distribution are
summarized below.
o Quantitative microscopy can be used to determine the local density in a powder
compact. After the P/M compact is cross sectioned and polished, epoxy is
used to impregnated the pores. The epoxy impregnated compact is then re-
polished. The examination of the polished surface should show the pores are
fully filled with epoxy. The point-count analysis is then carried out from location
to location to obtain the relative volume fraction of the pores (filled with epoxy)
by using quantitative microscopy. The density distribution can be mapped from
the distribution of the volume fraction of pores. This method is tedious, but it
can quantify the pore size.
o Pycnometry is often used to determine the bulk density of P/M materials.
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Based on the displacement principle, pycnometry is a actually a method of
measuring the volume occupied by a solid of complex shape. Either a liquid
or gaseous substance can be used as the displacing medium. Helium is often
used in commercial pycnometers. The density distribution measurement can be
achieved by the sectioning concept and the pycnometry method. The compact
is first sectioned into many small pieces of controlled volumes. The density of
each piece is measured by the pycnometry method. This type of method is
relatively easier to conduct, but it is tedious, and the pore size and shape can
not be quantified.
o Micro-hardness test of the compact can also be used to map the density dis-
tribution because the hardness is closely related to the density of the powder
compact. The calibration curve is first obtained by conducting the hardness
test of the porous materials with known density. The P/M compact is tem-
pered in an oven to remove the hardening resulting from the deformation of
particles. The tempered compact is then sectioned and polished. Finally, the
micro-hardness is measured from location to location. By referring to the cali-
bration curve, the density distribution is then mapped out from the measured
hardness at different locations.
o High energy sources such as X-ray or Gamma-ray can be used do the density
mapping. This method does not require the sectioning of the compact, so the
compact can be kept in its original form. But it only works well for a compact
with reasonably large density gradient and requires the operation of high energy
sources.
Density distribution of the compacted cylinder and conical liner
The compacted cylinder was first sectioned into 11 layers along its vertical axis
with thickness of approximately 2.5 mm by the EDM method. Each layer is properly
numbered to identify the corresponding location in the cylinder. Since each layer has
a regular geometry, the volume of each layer is obtained by acurately measuring the
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height and diameter. After we have measured the mass of each layer, we can find the
density for each layer.
Since the geometry of the shaped charge liner is more complex, we have used
the standard pycnometry method to measure the density distribution in the conical
shaped-charge liner: (i) The conical liner was sectioned into 10 layers along its vertical
axis. Each layer is properly numbered to identify the corresponding location in the
liner. (ii) Each layer is further sectioned into smaller pieces to fit into a pycnometer.
The bulk density of the small pieces is measured by the standard pycnometry method.
The density of each layer is the average of the measured density for the small pieces
sectioned from the same layer.
The following is the procedure of density measurement by pycnometry method:
" Dry the specimen for an hour in an oven maintained at the temperature of
100 0C.
" Determine and record the mass of the specimen, M,.
" A 5 ml stoppered bottle is used as the pycnometer. Fill the pycnometer with the
distilled and de-aired water. Visually inspect the pycnometer and its contents
to ensure that there are not air bubbles in the distilled and de-aired water. Use
the cotton glove to insulate the heat from hands during the experiment.
" Slowly plug the stopper to the pycnometer, make sure no air bubbles are trapped
in the pycnometer.
" Use the soft cotton paper to dry the water outside the pycnometer and the
stopper.
" Determine and record the total mass of the pycnometer, stopper and water, Ma.
" Un-plug the stopper and put the sample into the pycnometer. Refill the pyc-
nometer with the distilled and de-aired water.
" Carefully plug the stopper back to the pycnometer, make sure no air bubbles
are trapped in the pycnometer.
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* Dry the water outside the pycnometer and the stopper.
* Determine and record the total mass of the pycnometer, the specimen, water
and the stopper, Mb.
The specific density of the specimen p is calculated by the equation
p M_
Pw Ms - (Mb - Ma)'
(A.1)
Where, pw is the density of water. The relative density of the specimen is calculated
by
71= P/Ps, (A.2)
where p, is the density of the solid.
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Appendix B
Unit Cell Analysis Of Particle
Contact
Most of the constitutive models for powder compaction need to specify a macroscopic
yield surface and its evolution with relative density q in the stress space, together with
a flow rule to describe the irreversible plastic strain increments. Since the macroscopic
yield surface for a powder system depends upon the interaction of particles at mi-
crostructural level, the micro-mechanical analysis of particle contacts may provide
useful information on the development of a macroscopic model.
Micro-mechanical analysis of particle contacts in a powder system - assembly of
particles - have been carried out recently by many researchers [Hwang and Kobayashi,
1990; Fleck et al., 1992, 1995]. These micro-mechanical analyses provide insight
into the macroscopic yielding behavior of powder systems. However, most of the
analyses are limited to certain loading paths for simplicity. Here, a full finite element
analysis is carried out for a unit cell of an array of two dimensional circular particles
under complete loading paths. The macroscopic yield surface of the powder system
is obtained from this micro-mechanical analysis.
A powder system is idealized as an array of two dimensional circular particles in
this study. The arrangement of unit cells of square packing with an initial relative
density of qo = 0.7853 is shown in Fig. B-la. Each particle contacts four other
surrounding particles. With such configuration, the macroscopic deformation of the
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assembly of the particles can be described by the deformation of a unit cell. The
original finite element mesh of such an unit cell and the boundary conditions for the
unit cell analysis are shown in Fig. B-lb. The calculation is carried out under the
generalized plane strain condition. Referring to this figure, the nodes on the edge AB
are fixed in 1 direction (free in 2 direction) and the nodes on the edge AC are fixed
in 2 direction (free in 1 direction). Displacement boundary condtions are applied on
edges DE and DF. Due to the periodic symmetry of the unit cell, the boundaries
of the unit cell remain straight during the deformation. The nodes along edge DF
are all constrained to have the same vertical displacement - U2 , and the nodes along
edge DE are all constrained to have the same horizontal displacement - u1 . The
macroscopic stress is calculated from the sum of the reaction forces on boundary
edges. For example, Ell is calculated from the sum of the reaction forces recorded
on the vertical edge AC, and E22 is calculated from the reaction forces recorded on
the horizontal edge AB. The macroscopic strain Ell and E 22 are calculated from the
displacement ul and U2 recorded on the edge DE and DF respectively. The relative
density q is calculated purely from the geometry of the unit cell, shown in Fig.B-lb.
The particles of the powder system are assumed to be a rate-independent elastic-
perfectly plastic material with yielding stress Y = 168 MPa, Young's Modulus E =
200 GPa , Poisson's ratio v = 0.3. The frictional behavior between particles are
assumed to be governed by Coulomb friction law with a friction coefficient of 0.3.
Different loading paths are achieved by giving different ratios of the displacements
ui and u2. Thus, the yielding behavior of the powder system can be probed by loading
the unit cell with different loading paths. The computational procedure for obtaining
a series of yielding points on the yield surface of the unit cell is given bellow:
Step 1. hydro-statically compress the cell to a relative density r, i.e., let ui/u 2 = 1.0,
such that Ell = E22 = P ;
Step 2. Unload the unit cell to a different pressure, let Ell = E22 < P;
Step 3. Apply a different displacement condition, i.e., different ratio of u2 /Ui. Calcu-
late the macroscopic strain El and E 22 from the applied displacement condition
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u1 and U2, respectively.
Step 4. Monitor the reaction forces on the edge AB and AC. Compute the macro-
scopic stress El and E22 ;
Step 5. Obtain the macroscopic yielding point from the curve of Ell versus Ell or
E 22 versus E 22 by employing the standard 0.2% offset criteria.
Step 6. Repeat step 2-5. Obtain a series of yielding points on the yield surface for
this particular relative density.
Such a procedure can be iterated to obtain a series of yielding points at different
relative densities. Fig. B-2 shows the contour plots of Mises stress for the unit cell
(77 = 0.85) under the hydrostatic loading condition. Fig. B-3 shows the contour plots
of Mises stress for the unit cell (,q = 0.85) under a non-hytrostatic loading path. It is
clear that the plastic deformation of an individual particle is different with different
loading paths. Consequently, the macroscopic behavior of the assembly of particles
is dependent upon the loading paths.
From a series of unit cell calculations, the yield surfaces of the array of particles as
the function of the relative density are shown in Fig.B-4. We have plotted the yield
surface in terms of Ee/Y and Eh/Y for y = 85%, 77 = 88% and T7 = 92%, where Ze
and Eh are defined as follows
Ee= 1/2(Ell - E 22 ) In-plane macroscopic devatoric stress
Eh = 1/2(E11 + E22) In-plane macroscopic hydrostatic pressure
In conclusion, our numerical results suggest that the macroscopic plastic behavior
of powder materials may be representable by a "two-part" yield surface: (i) a distor-
tion yield surface which is dominated by the inter-particle sliding at microstructural
level, and (ii) a consolidation surface which is dominated at microstructural level by
the deformation of particle themselves, with little inter-particle sliding.
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Figure B-1: (a) A powder system consisting of an array of two dimensional circular
particles. (b) Original finite element mesh and boundary conditions for the unit cell
analysis.
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Figure B-3: Numerical results from unit analysis (pre-compressed to a relative density
rq = 0.85): (a) Contour plots of Mises stress for the unit cell under the loading
condition of u2 /ui = 0. (b) Contour plots of Mises stress for the unit cell under the
loading condition of u 1 /u 2  -0.5.
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Figure B-4: Numerical results from unit cell analysis: evolution of the yield surface
for the powder system consisting of an array of two dimensional circular particles.
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